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1 Introduction

In the literature on the measurement of socioeconomic inequality of health,
decomposition techniques have gained currency as methods to better under-
stand, and if possible to explain, the observed levels of inequality at a given
moment of time, as well as the changes in these levels over time. While some
of these techniques have been borrowed or adapted from well-known results
in the fields of inequality measurement (e.g., Rao, 1969; Bourguignon, 1979;
Shorrocks, 1980) and labour economics (e.g., Blinder, 1973; Oaxaca, 1973),
others have been developed specifically for the analysis of bivariate inequality
(e.g., Wagstaff, Van Doorslaer and Watanabe, 2003; Clarke, Gerdtham and
Connelly, 2003; Wagstaff, 2005b; Abul Naga and Geoffard, 2006; Makdissi,
Sylla and Yazbeck, 2013). Instructive surveys of the state-of-the-art can
be found in Van Doorslaer and Van Ourti (2011) and in O’Donnell, Van
Doorslaer and Wagstaff (2012).

Almost all of this work is centered around rank-dependent indicators of
inequality, which are the dominant measures of socioeconomic inequality of
health. Recently, however, a case has been made for a shift to level-dependent
indicators (Erreygers and Kessels, 2015). One of the considerations which
seems particularly relevant for the choice between different indicators is how
amenable they are when it comes to decomposability. The main purpose of
this paper is to compare the decomposition properties of rank-dependent and
level-dependent indicators of socioeconomic inequality of health. We do so
by focusing on three forms of inequality decomposition:

- decomposition by health components;
- decomposition by population groups; and
- regression-based decomposition.

The first form of decomposition can be handled just as well by rank-dependent
indices as by level-dependent indices. With respect to the decomposition
by population subgroups, however, level-dependent indices have much nicer
properties than rank-dependent indices. This may prove to be an important
argument in favour of the use of level-dependent indices. With regard to
regression-based decomposition, the paper suggests a new approach which
aims to explain the correlation between socioeconomic conditions and health
outcomes more directly than has been done so far.
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2 Indices of Socioeconomic Inequality of Health

2.1 Basic Notation and Assumptions

We consider a population consisting of n individuals, where each individual i
(i = 1, 2, ..., n) is characterized by their levels of socioeconomic achievement
(yi) and of health attainment (hi). For convenience, we designate socioeco-
nomic achievement as “income”, but it goes without saying that socioeco-
nomic status can be measured in a variety of ways (by consumption levels,
by years of education, etc.). We assume that both yi and hi have well-defined
lower bounds greater than or equal to 0. More specifically, each of these vari-
ables is either a ratio-scale variable with no upper bound, or a cardinal or
ratio-scale variable with a well-defined upper bound. The two variables are
not necessarily of the same nature. Income, for instance, is an unbounded
ratio-scale variable. The health variable, by contrast, is often a bounded
variable, and need not be of the ratio-scale type. The means of the variables
are µy = 1

n

∑n
i=1 yi and µh = 1

n

∑n
i=1 hi, respectively.

We denote the rank of individual i in the income distribution as ri. If
there are no ties in the income distribution, the rank of the poorest person
in society is equal to 1, the rank of the second poorest person equal to 2,
etc., and the rank of the richest person equal to n. If a group of k + 1
individuals are tied on position g, the rank of each of these individuals is
equal to g + (k/2). For simplicity, however, we assume there are no ties in
the income distribution, and that individuals are ranked according to their
incomes (y1 < y2 < . . . < yn). (Appendix 1 specifies how the formulas must
be adapted when there are ties, and when not all individuals have the same
population weight.)

2.2 Bivariate Linear Indices

The indices of bivariate inequality considered in this paper belong to a broad
class of linear inequality measures. These indices are closely related to the
family of linear measures of univariate inequality defined by Mehran (1976).
We focus on bivariate indices where income serves as the weighting variable
and health as the weighted variable. In formal terms, the absolute version of
these indices takes the following form1:

I(y, h) =
1

n

n∑
i=1

wi(y)hi (1)

1If there is no confusion possible, we will drop the arguments and simply write I instead
of I(y, h), etc.
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What distinguishes bivariate from univariate indices, is that the weights are
determined by a different distribution from the one which is weighted. The
Concentration Index, for example, defines the weights in terms of the ranks
of individuals in the income distribution, and applies these weights to the
distribution of health.

The relative version of our indices is obtained by dividing the index by
the mean of the weighted variable:

Irel(y, h) =
I(y, h)

µh
(2)

Other versions of the indices have been proposed in the literature, e.g. in
order to deal with binary variables (Wagstaff, 2005a). For bounded variables,
whether they are binary or of another type, we suggest the use of the index
proposed by Erreygers (2009):

Ibou(y, h) =
A

(hmax − hmin)
I(y, h) (3)

where hmin and hmax stand for the lower and upper bounds of the health
variable, and A is a constant. Erreygers and Van Ourti (2011) have argued
that the choice for a specific version of a bivariate index should be made in
accordance with the nature of the health variable under consideration.

2.3 Rank-Dependent Indices

Rank-dependent indices rely exclusively on income ranks to define the weights
wi(y); no other information on the income distribution enters into the cal-
culation of the weights. The standard Concentration Index, for instance, is
characterized by a weighting function which is linear in the income ranks ri.
This weighting function may therefore be called the ‘rank’ function and the
associated bivariate index the R index:

wRi =
2ri − n− 1

n
(4)

R =
1

n

n∑
i=1

wRi hi (5)

The weights wRi steadily increase as ri goes from 1 to n. If the group of the
‘poor’ is defined as those who have negative weights and the group of the
‘rich’ as those who have positive weights, the weighting function (4) puts the
boundary between the two groups exactly in the middle of the population.
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Those with ranks smaller than or equal to n/2 (if n is even) or smaller than
or equal to (n − 1)/2 (if n is odd) have negative weights, and those with
ranks larger than or equal to n/2 + 1 (if n is even) or larger than or equal to
(n+1)/2 (if n is odd) have positive weights. Put differently, individuals with
an income below the median income have negative weights, and individuals
with an income above the median positive weights. The negative weights sum
to −n/4 and the positive weights to n/4.2 This motivates the choice of A = 4
for the bounded version of the basic rank-dependent index, as suggested by
Erreygers (2009).

2.4 Level-Dependent Indices

In contrast to rank-dependent indices, the weights of level-dependent indices
are based upon income levels rather than income ranks. The basic version of
the level-dependent index L proposed by Erreygers and Kessels (2015) has a
weighting function which is a simple linear function of income:

wLi =
yi − µy
µy

(6)

L =
1

n

n∑
i=1

wLi hi (7)

The weights wLi are proportional to the deviations of the incomes from the
mean. If there is a high degree of income inequality, typically there will be
a lot of individuals with income levels below the mean, who will therefore
have negative, but in absolute terms rather small weights. On the other side
of the spectrum, those who have very high incomes will have positive, and
in absolute terms quite large weights. Hence, a small change in the health
level of a relatively well-off individual will probably have a more pronounced
influence on the index than a comparable change in the health level of an
individual who is less well-off.

All the negative weights sum to −(n/2)D, and all the positive weights to
(n/2)D, where D stands for the Relative Mean Deviation:

D =
1
n

∑n
i=1 |yi − µy|
µy

(8)

Since D is at most equal to 2(n − 1)/n, it follows that these two amounts
are bounded by 1− n and n− 1. For the bounded version of the basic level-
dependent index, the natural choice for the value of A is therefore A = 1.

2Strictly speaking, this result holds only when n is even. When n is odd, the sum of
the negative weights is −[(n − 1)(n + 1)]/(4n), which for large n is approximately equal
to −n/4. And similarly for the positive weights.
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2.5 A Brief Comparison

Later in the paper we will consider more complex variants of the indices, but
at this stage it seems useful to highlight some of the differences between the
basic indices R and L. We focus here on the bounds of the indices, and when
these are reached.

The relative version of R varies between −(n− 1)/n and (n− 1)/n, with
the minimum value attained when the poorest person in society has all the
health, and the maximum when the richest person in society has all the
health. It does not matter exactly how poor or how rich the poorest and
richest persons are. The relative version of L, by contrast, varies between
−1 and n− 1. The minimum is obtained when the poorest person in society
has a zero income and all the health3; the maximum when the richest person
has all the income and all the health.

If the health variable is unbounded, the minima and maxima of the abso-
lute versions of the indices are equal to those of the relative versions multi-
plied by the average of the health variable. If the health variable is bounded,
the appropriate version of the indices is the bounded one. The minimum and
maximum of the bounded version of R, taking A = 4, are equal to −1 and
1, with the minimum attained when the poorest half of the population has
maximum health and the richest half minimum health, and the maximum in
the opposite case. The minimum and maximum of the bounded version of
L, with A = 1, are equal to −(1−n)/n and (n−1)/n. These can be reached
only if one person has all the available income; the minimum is attained
when that extremely rich person has minimum health, while all the others
have maximum health, and the maximum when that person has maximum
health, while all the others have minimum health.

3 Decomposition by Health Components

The easiest type of decomposition is by health components. Suppose we have
a health variable which can be split up in several parts. A good example is
health care expenditures, which may be divided according to source of fund-
ing (out-of-pocket costs, health insurance contributions, etc.) or according
to type of service (primary care, hospital care, etc.). The starting point is
therefore an equation of the following type:

hi =
m∑
j=1

cj,i (9)

3More generally, if ties are allowed, the minimum is obtained when all the persons with
positive health have zero incomes.
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where cj,i stands for the contribution of component cj (j = 1, 2, . . . ,m) to
the health attainment of individual i.

It has been shown that rank-dependent indices can be decomposed by
health components without any difficulty (Clarke, Gerdtham and Connelly,
2003), and the same holds for level-dependent indices. It is easy to check that
any linear index of type (1) can be written as the sum of the corresponding
indices of the health components:

I(y, h) =
m∑
j=1

I(y, cj) (10)

where each component’s index I(y, cj) is defined as:

I(y, cj) =
1

n

n∑
i=1

wi(y)cj,i (11)

The decomposition of the relative index is likewise very simple. The
relative index can be expressed as a weighted sum of the relative indices of
the components:

Irel(y, h) =
m∑
j=1

µcj
µh
Irel(y, cj) (12)

where µcj stands for the mean of component cj and Irel(y, cj) = I(y, cj)/µcj .
The decomposition weights are equal to the shares of the health components
in total health. For the bounded index the same formula holds as for the
absolute index.

4 Decomposition by Population Groups

4.1 Subgroup Decomposability

The second type of decomposition is by population groups, often called sub-
group decomposition. Suppose that we partition the population into k sub-
sets, G1, G2, ..., Gk, such that every individual i belongs to exactly one subset
Gj. One can think of subgroups based on geographical areas, age, ethnicity,
etc. The number of individuals in subgroup Gj is denoted by nj. The mean
income and health attainments of subgroup Gj are equal to:

µyj =
1

nj

∑
i∈Gj

yi, µhj =
1

nj

∑
i∈Gj

hi (13)
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and obviously we have:

µy =
k∑
j=1

nj
n
µyj , µh =

k∑
j=1

nj
n
µhj (14)

The idea of (additive) subgroup decomposability is to express the mea-
sured degree of inequality I as the sum of two parts, the ‘within-group’ in-
equality IW and the ‘between-group’ inequality IB (see Bourguignon, 1979).
The ‘within-group’ inequality consists of a weighted sum of the inequalities
within the k subgroups (I1, I2, . . . , Ik), with the weights equal to s1, s2, . . . , sk:

IW =
k∑
j=1

sjIj (15)

The inequality in subgroup Gj is defined as:

Ij =
1

nj

∑
i∈Gj

wi(j)hi (16)

The notation wi(j) indicates that the weights of individuals depend on their
position within each group.

The ‘between-group’ inequality is calculated assuming that every indi-
vidual of group Gj has the income level µyj and the health level µhj . It can
therefore be defined as:

IB =
1

n

k∑
j=1

njwj(B)µhj (17)

The weights wj(B) are applied to every individual of the group Gj and reflect
the average situation of an individual of that group.

4.2 Rank-Dependent Indices

From the literature on income inequality we know that univariate rank-
dependent indices, such as the Gini coefficient, cannot be decomposed into
the sum of a within-group and a between-group contribution, except in excep-
tional cases (Bhattacharya and Mahalanobis, 1967). The Gini decomposition
involves a third or ‘residual’ component, which some, but not all, find dif-
ficult to interpret (see Mookherjee and Shorrocks, 1982, and Lambert and
Aronson, 1993, for opposing views on the matter). This result carries over
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to rank-dependent bivariate indices (Clarke, Gerdtham and Connelly, 2003;
Wagstaff, 2005b).

Let us begin by defining the weights wi(j) and wj(B) of expressions (16)
and (17) for the basic rank-dependent index R. For the calculation of the
within-group inequalities Rj and their weighted sum RW =

∑k
j=1 sjRj, the

relevant ranks are those within each group. If we designate individual i’s
rank within group Gj, for any i ∈ Gj, by ri(j), the weights wi(j) are equal to:

wRi(j) =
2ri(j) − nj − 1

nj
(18)

For the calculation of the between-group inequality RB, the rank assigned to
every individual of a given group must coincide with the average rank of the
individuals of that group in the whole population. The average rank rj(B)

of the individuals of group Gj can be calculated by means of this recursive
formula:

rj(B) =
nj + 1

2
+

j−1∑
l=0

nl (19)

with n0 = 0 and j = 1, . . . , k. The weights wRj(B) are then equal to:

wRj(B) =
2rj(B) − n− 1

n
(20)

It turns out to be impossible to find a set of weights sj for which we
have R = RW + RB, where the within-group inequality is defined by (15)
and the between-group inequality by (17). There is a residual term RX =
R−RW −RB which may on occasion be equal to zero, but in general is not.
For our calculations, we assume the weights sj are equal to the population
shares nj/n. In that case, we end up with a residual term equal to:

RX =
1

n

k∑
j=1

∑
i∈Gj

(
wRi hi − wRi(j)hi − wRj(B)µhj

)
(21)

Similar results hold for the relative and bounded versions of the index.
Hence, and not surprisingly, the basic rank-dependent index does not have
the property of additive subgroup decomposability.

4.3 Level-Dependent Indices

The situation is different for the basic level-dependent index. Let us begin
by defining the weights to be used for the calculation of the within-group and
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between-group inequalities. For the within-group inequalities, the relevant
deviations are those of individual i’s income from group Gj’s mean income,
for any i ∈ Gj. For the basic level-dependent index L the weights wi(j) are
therefore equal to:

wLi(j) =
yi − µyj
µyj

(22)

With regard to the calculation of the between-group inequality, each individ-
ual of a given group receives a weight proportional to the deviation of the
mean income of that group from the mean income of the whole population.
This means that the weights wj(B) are equal to:

wLj(B) =
µyj − µy
µy

(23)

Given these definitions and expressions, we can show that the basic level-
dependent index L has the property of additive subgroup decomposability.

Theorem 1 The basic level-dependent index L can be expressed as the sum
of a within-group component LW and a between-group component LB, where
LW =

∑k
j=1 sjLj and sj = (njµyj)/(nµy).

Proof. The inequality within group Gj, given the weights (22) and after
isolation of the term 1/µyj , turns out to be equal to:

Lj =
1

njµyj

∑
i∈Gj

(yi − µyj)hi

Since: ∑
i∈Gj

(yi − µyj)hi =
∑
i∈Gj

yihi − µyj
∑
i∈Gj

hi

it follows that:

Lj =
1

njµyj

∑
i∈Gj

yihi − µhj

Multiplying Lj by sj, and using the fact that sj/(njµyj) = 1/(nµy), we
obtain:

sjLj =
1

nµy

∑
i∈Gj

yihi − sjµhj

Summing over all groups, we find that:

k∑
j=1

sjLj =
1

nµy

k∑
j=1

∑
i∈Gj

yihi −
k∑
j=1

sjµhj
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which can be simplified as:

k∑
j=1

sjLj =
1

nµy

n∑
i=1

yihi −
k∑
j=1

sjµhj

Given (23), the between-group inequality is equal to:

LB =
1

nµy

k∑
j=1

nj(µyj − µy)µhj

Since:
k∑
j=1

nj(µyj − µy)µhj =
k∑
j=1

njµyjµhj − µy
k∑
j=1

njµhj

it follows that:

LB =
k∑
j=1

njµyj
nµy

µhj −
k∑
j=1

nj
n
µhj

which can be simplified as:

LB =
k∑
j=1

sjµhj − µh

The overall extent of inequality is equal to:

L =
1

nµy

n∑
i=1

(yi − µy)hi

Since:
n∑
i=1

(yi − µy)hi =
n∑
i=1

yihi − µy
n∑
i=1

hi

we find that

L =
1

nµy

n∑
i=1

yihi − µh

Hence,
∑k

j=1 sjLj + LB = L.
The decomposition weights of the within-group inequalities are equal to

the shares of the groups in total income. Since these shares add up to 1,
so do the weights:

∑k
j=1 sj = 1. That may be perceived as an attractive

property.
For the relative version of the index, the decomposition weights are sj =

(njµyjµhj)/(nµyµh). For the bounded version, the weights are the same as
those for the absolute version.
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5 Regression-Based Decomposition

Regression-based decomposition methods are now widely used in the analy-
sis of the socioeconomic inequality of health. The approach proposed by
Wagstaff, Van Doorslaer and Watanabe (2003) has paved the way for a
stream of studies in which the Concentration Index is decomposed based
on regressions of health. The basic idea is to start from a simple equa-
tion which explains the health variable in terms of the independent variables
x1, x2, . . . , xq:

hi = λ0 + λ1x1,i + λ2x2,i + . . .+ λqxq,i + εi (24)

where εi represents the error term. The right-hand side is then plugged
into the formula for the Concentration Index instead of hi. Applying the
procedure to (5), we obtain:

R(y, h) =

q∑
j=1

λ̂jR(y, xj) +R(y, ε) (25)

Often the terms λ̂jR(y, xj) are identified as the contributions of the variables
xj to the measured amount of inequality R(y, h), and the term R(y, ε) as the
unexplained part of the inequality.

Obviously, the same procedure can be applied to (7), which then yields:

L(y, h) =

q∑
j=1

λ̂jL(y, xj) + L(y, ε) (26)

In previous work we have taken a critical look at a few aspects of this ap-
proach, and advocated caution in the interpretation of the results (Erreygers
and Kessels, 2013; Kessels and Erreygers, 2015). Remaining in the framework
of rank-dependent indicators, we also suggested a few alternatives. Here we
go a step further and explore a new regression-based method which can be
applied to both rank- and level-dependent indicators, but which is probably
more suitable for the latter.

Let us begin with the basic (absolute) version of the level-dependent
index. Observe that we can write index L as:

L =
1

n

n∑
i=1

(
yi
µy
hi − µh

)
(27)

Defining zi =
yi
µy
hi − µh, we arrive at the following extremely simple expres-

sion of the index:

L =
1

n

n∑
i=1

zi = µz (28)
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The value of the z variable can be interpreted as a score which provides
an indication of an individual’s deviation from the expected outcome in the
income-health domain. The mean or expected level of an individual with
respect to income is µy, and that with respect to health µh. Without further

information, the expected value of z is therefore
µy
µy
µh − µh = 0. If an

individual performs better than expected on both income and health, then
zi > 0; in the opposite case, we have zi < 0. If one of the two is higher than
expected but the other lower, the sign of zi is undetermined. If zi > 0, this
can be interpreted as indicating an outcome which is on the whole better
than expected, and zi < 0 as indicating an outcome which is on the whole
worse than expected.

The new decomposition method we propose here is based on a regression
of the individual z values. Since the z variable takes into account both
income and health, we see this as a more natural procedure to explain the
correlation between income and health than the one based on a regression of
health only. Assume that we explain z by means of the independent variables
x1, x2, . . . , xq. More specifically, let us consider the simple linear regression
equation:

zi = γ0 + γ1x1,i + γ2x2,i + . . .+ γqxq,i + εi (29)

where εi is a well-behaved error term. One certainly expects that variables
which are positively associated with both income and health have positive
coefficients; and the opposite, of course, in the case of negative association.

Plugging the estimates of (29) into (28), and taking into account that
µε̂ = 0, we obtain the following result:

L = γ̂0 + γ̂1µx1 + γ̂2µx2 + . . .+ γ̂qµxq (30)

Expression (30) can be used to assess the expected marginal effect of each
independent variable on L. The estimated effect of a small ceteris paribus
change ∆µxj of µxj on L is equal to γ̂j∆µxj . For comparable changes ∆µxj
and ∆µxl of the variables xj and xl, it is therefore possible to determine which
of two has the largest marginal effect on the index. What we definitely should
not do, is claim that the product γ̂jµxj constitutes the contribution of variable
xj to the observed level of inequality. If that were true, the contribution of
any mean centered variable would automatically be zero.

Can the same approach also be applied to rank-dependent indicators? It
can, with one important change. Let us start by observing that the basic
rank-dependent index R may be expressed as:

R =
1

n

n∑
i=1

[(
ri − 1

2
n
2

)
hi − µh

]
(31)
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The mean rank of an individual is equal to (n+1)/2. If we expect individual
i to attain that rank, the expected value of ri−1/2 is equal to n/2. It follows
that the expected value of the expression between square brackets in (31) is
0. Designating this expression as ui, we can interpret ui > 0 as an indication
that individual i attains an outcome in the income rank-health space which
is on the whole better than expected, and ui < 0 as indicating an outcome
which is on the whole worse than expected.

Since we now have:

R =
1

n

n∑
i=1

ui = µu (32)

what we should do next is to explain u by means of a set of independent
variables. Suppose that we estimate the following regression:

ui = β0 + β1x1,i + β2x2,i + . . .+ βqxq,i + ηi (33)

We then end up with the following counterpart of (30):

R = β̂0 + β̂1µx1 + β̂2µx2 + . . .+ β̂qµxq (34)

An important difference between the decomposition of L and that of R,
is that the expected situation of individual i in the first case corresponds to
the mean income µy and the mean health µh, but in the second to the mean
income rank (and hence to the median rather than the mean income) and
the mean health.

6 Extended Indices

In this section we examine to what extent the decomposition results for the
basic versions of the rank-dependent and level-dependent indices carry over
to the so-called extended versions of these indices.4 These extended ver-
sions are similar to the distribution-sensitive indices developed in the income
inequality literature (see, e.g. Yitzhaki, 1983; Lambert and Lanza, 2006).

6.1 Defining Extended Indices

The basic rank-dependent index is characterized by a weighting function
which is linear in the income ranks, viz. (4). Other versions, such as the
extended Concentration Index (Pereira, 1998; Wagstaff, 2002), have been

4Since our empirical application is limited to the basic versions, this section can be
omitted without loss of continuity by readers who are less interested in technicalities.
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developed to give relatively more weight to individuals with lower ranks.
The extended version of the rank weighting function can be expressed as
follows:

wRi (ν) =
1 + n

[(
n−ri
n

)ν − (n−ri+1
n

)ν]
ν − 1

(35)

where ν ≥ 2 is a distributional sensitivity parameter (see, e.g., Erreygers,
Clarke and Van Ourti, 2012). The extended rank-dependent index is denoted
by R(ν):

R(ν) =
1

n

n∑
i=1

wRi (ν)hi (36)

The linear weighting function (4) corresponds to the value ν = 2. The
higher the value of ν, the more sensitive the index is to changes in the lower
end of the rank distribution. The sum of the negative weights is equal to
−n/(νν/(ν−1)), and that of the positive weights n/(νν/(ν−1)). For ν > 2, the
lowest negative weight is (approximately) −1, and the highest positive weight
(approximately) 1/(ν − 1).

It is also possible to make the level-dependent index more sensitive to the
bottom of the income distribution. One way of doing this consists of trans-
forming the incomes. Erreygers and Kessels (2015) propose a transformation
based on the following isoelastic function:

yi(α) =


y1−α
i −α
1−α (α 6= 1)

1 + log(yi) (α = 1)
(37)

but other functions may be used as well.5 The mean of this transformed
income is defined as µy(α) = 1

n

∑n
i=1 yi(α). Erreygers and Kessels (2015)

suggest the following generalization of the linear weighting function (6) which
characterizes the basic level-dependent index:

wLi (α) =
yi(α)− µy(α)∑n

j=1

∣∣yj(α)− µy(α)
∣∣ .
∑n

j=1 |yj − µy|
µy

(38)

The corresponding extended level-dependent index is denoted by L(α):

L(α) =
1

n

n∑
i=1

wLi (α)hi (39)

5A disadvantage of using function (37) is that yi(α) no longer exists when yi = 0 and
α ≥ 1. This excludes the use of data according to which some individuals have zero
or negative incomes, as is often the case. Instead of income, one might consider using
consumption data.
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An alternative way of writing the weighting function makes it explicit
how exactly the transformation of incomes affects the weights. Given that
D stands for the Relative Mean Deviation of y, let us define D(α) as the

Relative Mean Deviation of y(α), i.e. D(α) =
(∑n

j=1

∣∣yj(α)− µy(α)
∣∣) /µy(α).

We designate the ratio of D(α) to D by φ(α):

φ(α) =
D(α)

D
(40)

Since the transformation has a greater effect on high incomes than on low
incomes, φ(α) measures to what extent income inequality decreases as a
result of the transformation. The ratio is used to ‘inflate’ the weights. As a
matter of fact, the weights (38) can be written as:

wLi (α) =
yi(α)− µy(α)

µy(α)
.

1

φ(α)
(41)

Without the inclusion of 1/φ(α), most of the weights would become very
small as the value of α increases.

It is easy to see that α = 0 corresponds to the basic case: no transforma-
tion is applied to the income levels. As α increases, the weight of the most
well-off individual remains positive but decreases in magnitude, whereas the
weight of the least well-off individual remains negative but increases in mag-
nitude. What happens to the weights of the other individuals depends on
the specific income distribution. More and more individuals who initially
had a negative weight will get a positive weight, until eventually only the
least well-off individual will be the only one with a negative weight. As in
the basic case, all the negative weights sum to −(n/2)D, and all the positive
weights to (n/2)D. Since D is at most equal to 2(n − 1)/n, it follows that
these two amounts are bounded by 1 − n and n − 1. For high values of α,
therefore, the lowest negative weight will tend to −(n/2)D ≥ 1−n, while all
the other weights will be positive and tend to ((n/2)D)/(n− 1) ≤ 1.

6.2 Decomposition by Population Groups

For the extended rank-dependent index R(ν), the counterparts of expressions
(18) and (20) are

wRi(j)(ν) =
1 + n

[(
nj−ri(j)

nj

)ν
−
(
nj−ri(j)+1

nj

)ν]
ν − 1

(42)

wRj(B)(ν) =
1 + n

[(
n−rj(B)

n

)ν
−
(
n−rj(B)+1

n

)ν]
ν − 1

(43)
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As in the basic case, the index R(ν) is not subgroup decomposable.
For the extended level-dependent index L(α), the counterpart of expres-

sion (22) is:

wLi(j)(α) =
yi(α)− µyj(α)

µyj(α)
.

1

φj(α)
(44)

where:

µyj(α) =
1

nj

∑
i∈Gj

yi(α) (45)

and:

φj(α) =
Dj(α)

Dj

(46)

Likewise, the counterpart of (23) is:

wLj(B)(α) =
µyj(α) − µy(α)

µy(α)
.

1

φB(α)
(47)

where6:

φB(α) =
DB(α)

DB

(48)

Unfortunately, the property of subgroup decomposability no longer holds
for the extended level-dependent index. It turns out to be impossible to ob-
tain a ‘clean’ subgroup decomposition formula of the type L(α) =

∑k
j=1 sjLj(α)+

LB(α). We can, however, generate an expression which comes close to the
desired result.

Theorem 2 The extended level-dependent index L(α) can be expressed as the
sum of a modified within-group component MW (α) and a modified between-

group component MB(α), where MW (α) =
∑k

j=1

φj(α)

φ(α)
sj(α)Lj(α), MB(α) =

φB(α)

φ(α)
LB(α), and sj(α) =

njµyj(α)

nµy(α)
.

Proof. The proof proceeds along the same lines as the proof of Theorem
1. The first step consists of showing that:

Lj(α) =
1

φj(α)

 1

njµyj(α)

∑
i∈Gj

yi(α)hi − µhj


6We have: DB =

(
1
n

∑k
j=1 nj

∣∣µyj
− µy

∣∣) /µy, etc.
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and then using this result to establish that:

MW (α) =
k∑
j=1

φj(α)

φ(α)
sj(α)Lj(α) =

1

φ(α)

[
1

nµy(α)

n∑
i=1

yi(α)hi −
k∑
j=1

sj(α)µhj

]

The second step consists of showing that:

LB(α) =
1

φB(α)

[
k∑
j=1

sj(α)µhj − µh

]

which implies that:

MB(α) =
φB(α)

φ(α)
LB(α) =

1

φ(α)

[
k∑
j=1

sj(α)µhj − µh

]

The third step consists of showing that:

L(α) =
1

φ(α)

[
1

nµy(α)

n∑
i=1

yi(α)hi − µh

]

Combining these results, we arrive at the conclusion that MW (α)+MB(α) =
L(α).

Observe that for α = 0, we have φ(0) = φj(0) = φB(0) = 1, µy(α) = µy
and µyj(α) = µyj , and therefore MW (0) = LW and MB(0) = LB. For values
of α exceeding 0, a distortion occurs which requires the introduction of a
modification factor. This is equal to φj(α)/φ(α) for the inequality within
group Gj, and to φB(α)/φ(α) for the between-group inequality. As long as
the φj(α)’s and φB(α) do not deviate far from φ(α), the distortion is small
and the modified decomposition formula remains close to the clean result of
the basic case. In other words, if the transformation of incomes brings about
similar changes in inequality within all groups and between the groups as it
does for society as a whole, then the modifications are limited.

To conclude the discussion of subgroup decomposability, we observe that
Theorem 2 refers to the absolute version of the extended level-dependent
index. For the relative version, the decomposition weights sj(α) must be
multiplied by µhj/µh.

6.3 Regression-Based Decomposition

When it comes to regression-based decomposition, the procedures to be fol-
lowed for the extended indices L(α) and R(ν) are similar to the ones for L
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and R. Given (39) and (41), we can express L(α) as:

L(α) =
1

φ(α)

1

n

n∑
i=1

(
yi(α)

µy(α)
hi − µh

)
(49)

Defining zi(α) =
yi(α)

µy(α)
hi − µh, it follows that we can write:

L(α) =
1

φ(α)

1

n

n∑
i=1

zi(α) =
µz(α)
φ(α)

(50)

Assume now that we explain z(α)/φ(α) by means of the independent vari-
ables x1, x2, . . . , xq. More specifically, let us consider the regression equation:

zi(α)

φ(α)
= γ0(α) + γ1(α)x1,i + γ2(α)x2,i + . . .+ γq(α)xq,i + εi(α) (51)

where εi(α) is a well-behaved error term. This leads to the following estimate:

L(α) = γ̂0(α) + γ̂1(α)µx1 + γ̂2(α)µx2 + . . .+ γ̂q(α)µxq (52)

The expected effect of a small ceteris paribus change ∆µxj of µxj on L(α) is
equal to γ̂j(α)∆µxj .

For the relative index Lrel(α) = L(α)/µh, the same regression can be
used. All that needs to be changed is that the expected effect of a small
change ∆µxj of µxj on Lrel(α) is equal to

[
γ̂j(α)∆µxj

]
/µh.

For the extended rank-dependent index we have to write the index as:

R(ν) =
1

n

n∑
i=1

ui(ν) (53)

where ui(ν) is defined as:

ui(ν) =

(
ν + n

[(
n−ri
n

)ν − (n−ri+1
n

)ν]
ν − 1

)
hi − µh (54)

The corresponding regression equation is then:

ui(ν) = β0(ν) + β1(ν)x1,i + β2(ν)x2,i + . . .+ βq(ν)xq,i + ηi(ν) (55)

which leads to the decomposition:

R(ν) = β̂0(ν) + β̂1(ν)µx1 + β̂2(ν)µx2 + . . .+ β̂q(ν)µxq (56)

While it is relatively straightforward to give meaning to the sign of the vari-
able zi(α) used in the decomposition of the level-dependent index L(α), it
seems more difficult to do so for that of the variable ui(ν) used in the de-
composition of the rank-dependent index R(ν).
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7 Empirical Application

7.1 Description of the Data

For the empirical illustration we limit ourselves to the basic rank- and level-
dependent indices R and L, and we look at the subgroup and regression-based
decompositions only.

Our data come from the Household, Income and Labour Dynamics in Aus-
tralia (HILDA) survey, wave 13.7 As our income variable we take equivalised
income, calculated using the modified OECD equivalence scale (Australian
Bureau of Statistics, 2013, Appendix 3). Each member of a household is
assigned an equivalised income equal to the household’s disposable income
divided by its equivalence factor. This factor is obtained by giving the first
adult of the household a score of 1, every other adult a score of 0.5, every
child a score of 0.3, and then adding up all the scores. As our health variable
we take the SF-6D health score. Since this is a bounded variable, we use the
bounded version of the inequality indices, i.e. Rbou and Lbou. Given that the
bounds of the variable are hmin = 0 and hmax = 1, it is easy to check that
Rbou = 4R and Lbou = L.

For the subgroup decomposition we consider partitions based on sex, age
and employment status. For the regression-based decomposition we addition-
ally take into account variables measuring individuals’ education level, hous-
ing type, number of children, marital status, physical activity, and whether
they are suffering from any long-term health conditions. Our sample in-
cludes 14, 729 individuals with valid, non-missing values for all variables un-
der study.8 Since this is a fairly large and, to the best of our knowledge,
representative sample, we decided not to apply sample weights in our calcu-
lations. The composition of our sample is described in Table 1.

7More information on the HILDA database can be found here: https://www.

melbourneinstitute.com/hilda/.
8This means in particular that individuals with a negative income are excluded.
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Table 1: Frequency statistics of the sample

Variable (in % unless stated otherwise)

Sex Marital status

Female

Male

53.17

46.83

Married

Not married

64.18

35.72

Age group Housing type

15-24

25-34

35-44

45-54

55-64

65-74

75+

17.43

16.97

16.00

17.66

14.64

10.65

6.63

Non private dwelling

House

Semi-attached house

Flat/apartment

Other dwelling type

0.24

81.28

6.74

11.24

0.50

Employment status Education level

Employed

Unemployed

Not in labour force

63.49

4.04

32.47

Less than secondary education

Secondary education

Higher education

27.99

37.33

34.68

Number of children Having a long-term health condition

Aged 0-4 (average)

Aged 5-14 (average)

0.18

0.30

Yes

No

29.64

70.36

Physical activity

No

Some

Frequent

11.11

37.27

51.62
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7.2 Decomposition by Population Groups

For the first subgroup decomposition we partitioned the population into two
groups, females and males. As shown in Table 2, there is some variation
among these groups, with respect to both health and income. Women tend to
have slightly worse health and lower income than men. The rank-dependent
index measures a slightly higher extent of inequality among women than
among men, while the level-dependent index detects no difference between
the two groups.

Table 2: Summary statistics for the sex decomposition

Health Income ($) Indices

Group Mean S.D. Mean S.D. Rj Lj

Female

Male

0.7508

0.7718

0.1244

0.1216

50, 014

52, 389

34, 725

35, 102

0.0661

0.0629

0.0141

0.0141

All 0.7606 0.1236 51, 126 34, 921 0.0657 0.0144

The results of the subgroup decomposition according to sex can be found
in Table 3. Let us begin by looking at the results for the level-dependent
index. The observed inequality comes overwhelmingly from heterogeneity
within the groups; the between-component accounts for a meagre 1.70% of
the total. The results for the rank-dependent index also point in the di-
rection of the predominance of the within-group component, but suggest a
much higher contribution of the between-component, equal to 31.92% of the
total. These results must be treated with caution, however, since the residual
component amounts to roughly −30%.

Table 3: Decomposition according to sex

R L

Values % Values %

Within

Between

Residual

0.0646

0.0210

−0.0199

98.39%

31.92%

−30.31%

0.0141

0.0002

−

98.30%

1.70%

−

Total 0.0657 100.00% 0.0144 100.00%
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For our second subgroup decomposition we divided the population into
seven age groups, with the youngest group consisting of those aged 15 to
24, and the oldest group consisting of those aged 75 or older. As can be
seen from Table 4, older people tend to have worse health and lower income
than younger people. According to both indices, the level of socioeconomic
inequality is the highest in the group aged 55 to 64.

Table 4: Summary statistics for the age decomposition

Health Income ($) Indices

Group Mean S.D. Mean S.D. Rj Lj

Age 15-24

Age 25-34

Age 35-44

Age 45-54

Age 55-64

Age 65-74

Age 75+

0.7837

0.7841

0.7741

0.7586

0.7438

0.7333

0.6937

0.1179

0.1132

0.1204

0.1218

0.1266

0.1270

0.1249

45, 376

55, 126

54, 101

56, 699

55, 639

45, 305

33, 381

26, 065

29, 572

31, 592

33, 753

40, 009

46, 554

35, 607

0.0334

0.0490

0.0555

0.0654

0.0818

0.0581

0.0330

0.0080

0.0106

0.0114

0.0130

0.0192

0.0167

0.0110

All 0.7606 0.1236 51, 126 34, 921 0.0657 0.0144

The decomposition results are reported in Table 5. According to both
indices the within-component is again by far the largest. In comparison to the
results for the decomposition by sex, the level-dependent index now indicates
a substantially higher between-component (11.14% instead of 1.70%), but the
rank-dependent index a substantially lower one (20.17% instead of 31.92%).
This is a striking difference.9

9We also calculated the within- and between-components for a combined sex and age
subgroup classification, i.e. based on 14 sex-age groups. The level-dependent index esti-
mates that the between-component amounts to 12.48%, which is close to the sum of 1.70%
and 11.14%; the rank-dependent index, by contrast, estimates that this is equal to 37.12%,
which is nowhere near the sum of 31.90% and 20.17%.
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Table 5: Decomposition according to age

R L

Values % Values %

Within

Between

Residual

0.0549

0.0132

−0.0025

83.59%

20.17%

−3.75%

0.0126

0.0018

−

88.86%

11.14%

−

Total 0.0657 100.00% 0.0144 100.00%

For our third example of subgroup decomposition we partitioned the pop-
ulation in three groups according to their employment status. Table 6 in-
dicates that there are large differences in health and income between the
employed, the unemployed and those who are not in the labour force, and
also that the level of inequality is the highest among the last.

Table 6: Summary statistics for the employment decomposition

Health Income ($) Indices

Group Mean S.D. Mean S.D. Rj Lj

Employed

Unemployed

Not in labour force

0.7857

0.7406

0.7140

0.1088

0.1313

0.1352

58, 553

37, 811

38, 263

34, 503

23, 340

32, 638

0.0213

0.0353

0.0645

0.0051

0.0096

0.0165

All 0.7606 0.1236 51, 126 34, 921 0.0657 0.0144

Table 7 gives the decomposition results for both indices. The level-
dependent index attributes 44.11% of the observed inequality to the between-
group component, which is much larger than what we obtained for the two
previous decompositions. The rank-dependent index, by contrast, suggests
that the between-component is much larger than the within-component, and
moreover that it is almost equal in size to the overall inequality. Once again,
given the huge residual term (−49.59% of the observed inequality!) this
result must be treated with caution.
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Table 7: Decomposition according to employment

R L

Values % Values %

Within

Between

Residual

0.0359

0.0624

−0.0326

54.63%

94.96%

−49.59%

0.0080

0.0063

−

55.89%

44.11%

−

Total 0.0657 100.00% 0.0144 100.00%

From these examples we conclude three things. First, for both indices
we always obtain roughly the same estimates of the share of the within-
group component. Second, with regard to the share of the between-group
component, the estimates for the rank-dependent index tend to be much
higher than those for the level-dependent index. And third, the presence of
a substantial residual term complicates the interpretation of the results for
the rank-dependent index.

7.3 Regression-based Decomposition

As far as the regression-based decomposition is concerned, we compare the
health-oriented approach with the alternative approach suggested in the pa-
per. We would like to stress, however, that while the first is often used to
identify the relative contribution of different factors to the socioeconomic
inequality of health, the second approach only allows us to estimate the
marginal effect of these factors on the observed level of inequality.
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Table 8: Summary statistics for the additional variables

Health Income ($) Indices

Variable Mean S.D. Mean S.D. Rj Lj

Education

Less than secondary

Secondary

Higher

0.7368

0.7630

0.7773

0.1317

0.1237

0.1132

40, 048

48, 423

62, 976

31, 833

30, 288

38, 266

0.0773

0.0550

0.0438

0.0165

0.0115

0.0093

Housing type

Non-private dwelling

House

Semi-detached house

Flat/apartment

Other dwelling type

0.6772

0.7625

0.7523

0.7553

0.7280

0.1408

0.1225

0.1260

0.1281

0.1253

21, 399

51, 257

51, 958

50, 966

36, 750

14, 107

33, 281

41, 341

41, 969

23, 051

−0.0356

0.0586

0.0983

0.0865

0.0942

−0.0092

0.0124

0.0226

0.0219

0.0197

Number of children*

Aged 0-4

Aged 5-14

0.7821

0.7679

0.1145

0.1210

47, 050

48, 811

26, 270

29, 359

0.0449

0.0648

0.0091

0.0124

Marital status

Married

Not married

0.7658

0.7513

0.1195

0.1300

55, 058

44, 082

35, 959

31, 790

0.0558

0.0771

0.0118

0.0178

Physical activity

No

Some

Frequent

0.6752

0.7505

0.7863

0.1416

0.1185

0.1132

42, 845

50, 740

53, 187

33, 565

34, 244

35, 420

0.0894

0.0581

0.0473

0.0210

0.0127

0.0105

Long-term condition

Yes

No

0.6753

0.7966

0.1276

0.1024

42, 892

54, 595

33, 169

35, 061

0.0695

0.0239

0.0181

0.0054

All 0.7606 0.1236 51, 126 34, 921 0.0657 0.0144

* Averages for the number of individuals with children aged 0-4 (1976) and with children aged 5-14 (2789).
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We consider three regressions, and each of these uses the same set of in-
dependent variables. The dependent variable of our first regression is health
(h), that of our second regression the combined income rank-health variable
(u), and that of our third regression the combined income-health variable (z).
The independent variables are those mentioned in Table 1. Table 8 provides
summary statistics for the variables other than sex, age and employment
status. Except for the number of children aged 0-4 and aged 5-15, all vari-
ables enter into the regression equation as dummy variables. The reference
situation is that of a female person, aged 15-24, who has completed higher
education, is employed, lives in a house, is married, does frequent physical
activity, and does not suffer from a long-term health condition.

The results of the first regression, and the associated decompositions of
the R and L indices, can be found in Table 9. The regression coefficients λ̂j
suggest that being male and having more young children have positive effects
on health; all other variables either have negative effects, or are insignificant.
The contribution of variable xj to R and L depends on the estimated coef-

ficient λ̂j and on the indices R(y, xj) and L(y, xj).
10 The results for index

R are quite similar to those for index L. The largest contribution seems to
come from having a long-term health condition, followed by not being in the
labour force and by not doing any physical activity. Not surprisingly, these
are factors which are both negatively associated with health (as can be seen

from the negative sign of the regression coefficients λ̂j) and characterized
by a strong pro-poor distribution (as revealed by the indices R(y, xj) and
L(y, xj)). Most contributions are positive, but there are also several factors
which contribute negatively, such as being male and having a higher number
of young children. It must also be observed that the so-called unexplained
part of the decomposition is quite substantial, viz. 26.19% (= 0.0172/0.0657)
for the R index and 31.24% (= 0.0045/0.0144) for the L index.

10It may be useful to point out that the indices R(y, xj) and L(y, xj) differ from the
indices Rj and Lj reported in the summary statistics tables. While the former are calcu-
lated over the whole population, the latter are subgroup indices (e.g., limited to the male
population).
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Table 9: The health regression and the decompositions of R and L

Variable λ̂j S.E. R(y, xj) λ̂jR(y, xj) L(y, xj) λ̂jL(y, xj)

Male 0.0118 (0.0018) 0.0539 0.0006 0.0116 0.0001

Age 25-34 −0.0127 (0.0033) 0.0830 −0.0011 0.0133 −0.0002

Age 35-44 −0.0143 (0.0037) 0.0571 −0.0008 0.0093 −0.0001

Age 45-54 −0.0204 (0.0033) 0.0966 −0.0020 0.0192 −0.0004

Age 55-64 −0.0162 (0.0034) 0.0403 −0.0007 0.0129 −0.0002

Age 65-74 0.0007◦ (0.0039) −0.0920 −0.0001 −0.0121 0.0000

Age 75+ −0.0039◦ (0.0045) −0.1241 0.0005 −0.0230 0.0001

Less than second. edu. −0.0090 (0.0024) −0.2919 0.0026 −0.0606 0.0005

Secondary education −0.0083 (0.0021) −0.0378 0.0003 −0.0197 0.0002

Unemployed −0.0328 (0.0049) −0.0464 0.0015 −0.0105 0.0003

Not in labour force −0.0357 (0.0024) −0.4244 0.0152 −0.0817 0.0029

Non-private dwelling −0.0300§ (0.0178) −0.0067 0.0002 −0.0014 0.0000

Semi-detached house −0.0094 (0.0036) −0.0054 0.0001 0.0011 0.0000

Flat −0.0087 (0.0029) −0.0203 0.0002 −0.0004 0.0000

Other dwelling −0.0162◦ (0.0126) −0.0066 0.0001 −0.0014 0.0000

Children 0-4 0.0061 (0.0019) −0.0641 −0.0004 −0.0177 −0.0001

Children 5-14 −0.0023◦ (0.0015) −0.0625 0.0001 −0.0164 0.0000

Single −0.0106 (0.0021) −0.2148 0.0023 −0.0494 0.0005

No physical activity −0.0714 (0.0033) −0.0888 0.0063 −0.0180 0.0013

Some physical activity −0.0279 (0.0019) 0.0011 0.0000 −0.0028 0.0001

Long-term health cond. −0.0988 (0.0023) −0.2372 0.0234 −0.0477 0.0047

Residual term 0.0172 0.0172 0.0045 0.0045

R2 0.2632

Bootstrap standard errors between parentheses.

§ = significant at the 10% level, o = insignificant. All other coefficients are significant at the 1% level.
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The results for the regression of the composite income rank-health vari-
able u and of the composite income-health variable z are reported in Table 10.
Being male and not too old tends to have a positive effect on an individual’s
achievement in the income rank-health and income-health domains; all the
other variables either have negative coefficients or are insignificant. Whereas
the health regression showed that having more young children is positively
associated with health, the two composite variable regressions reveal that
the opposite holds with regard to the income rank-health and income-health
achievements. We can also compare the magnitudes of the marginal effects,
with the exception of those of the two variables capturing the number of
children aged 0 to 4 and aged 5 to 14. As a matter of fact, since all other
variables are dummy variables, a given change in their means has a uniform
meaning. For instance, an increase of 0.01 of the mean value of the male
dummy stands for a 1 percentage point increase in the prevalence of men
in the population (of course offset by a 1 percentage point decrease in the
prevalence of women). We can therefore say that as far as the R index is
concerned, the predicted marginal effect is the highest for a change in the
prevalence of the unemployed, followed by changes in the prevalence of those
who live in non-private dwellings, who are not in the labour force, and who
have less than secondary education. As far as the L index is concerned, the
magnitude of the predicted marginal effects is the largest for those who have
less than secondary education, followed by those who are unemployed, who
are not in the labour force, and who live in a non-private dwelling. It de-
serves to be pointed out that the effects of these variables are all negative;
this means that an increase in the prevalence of the unemployed, to give just
one example, is associated with a pro-poor change of the indices.
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Table 10: Regression results for the regressions of u and z

Variable β̂j S.E. γ̂j S.E.

Male 0.0930 (0.0266) 0.0254 (0.0086)

Age 25-34 0.2327 (0.0511) 0.0422 (0.0144)

Age 35-44 0.2510 (0.0554) 0.0519 (0.0152)

Age 45-54 0.1142# (0.0513) 0.0353# (0.0141)

Age 55-64 0.0246◦ (0.0531) 0.0478 (0.0168)

Age 65-74 −0.2785 (0.0615) 0.0142◦ (0.0248)

Age 75+ −0.5799 (0.0637) −0.0681 (0.0222)

Less than secondary education −0.9917 (0.0355) −0.2411 (0.0120)

Secondary education −0.7012 (0.0312) −0.1941 (0.0108)

Unemployed −1.1330 (0.0710) −0.2341 (0.0163)

Not in labour force −1.0612 (0.0381) −0.2223 (0.0135)

Non-private dwelling −1.0678 (0.2506) −0.2175 (0.0495)

Semi-detached house −0.1702 (0.0537) −0.0059◦ (0.0194)

Flat −0.3053 (0.0436) −0.0296§ (0.0170)

Other dwelling −0.7373 (0.1822) −0.1593 (0.0373)

Children 0-4 −0.4769 (0.0270) −0.1004 (0.0092)

Children 5-14 −0.3659 (0.0210) −0.0736 (0.0069)

Single −0.5500 (0.0301) −0.1243 (0.0099)

No physical activity −0.4259 (0.0420) −0.1098 (0.0137)

Some physical activity −0.1787 (0.0279) −0.0505 (0.0094)

Long-term health condition −0.6706 (0.0320) −0.1653 (0.0100)

Constant 1.6763 (0.0506) 0.3836 (0.0150)

R2 0.3199 0.1748

Bootstrap standard errors between parentheses.

# = significant at the 5% level, § = significant at the 10% level, o = insignificant. All other coefficients are significant at the 1% level.
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From these results it is clear that the health-oriented decomposition pro-
posed by Wagstaff, Van Doorslaer and Watanabe is of a different nature
than the two composite variable oriented decompositions suggested above.
While the former identifies risk factors such as not being in the labour force
and suffering from a long-term health condition as contributing positively to
the pro-rich social gradient of well-being, the latter sees increases in these
variables as having a pro-poor effect on the social gradient. This illustrates
that great caution must be exercised in the interpretation of regression-based
decomposition results.

8 Conclusion

In this paper we explored the decomposition properties of both rank-dependent
and level-dependent indices of socioeconomic inequality of health. As far as
decomposition by components and regression-based decomposition is con-
cerned, there are no essential differences between the types of indices. When
it comes to decomposition by population subgroups, however, level-dependent
indices are clearly superior. The fact that the basic level-dependent index can
be decomposed perfectly into a ‘within’ and a ‘between’ component, and the
extended level-dependent index nearly so, constitutes a strong argument in
favour of using these indices alongside, and maybe even instead of, the still
dominant rank-dependent indices.

Appendix: Sample Weights and Ties

This appendix describes how the weights wi must be defined when working
with datasets in which not all individuals have the same sample weight, and
when there are ties between individuals in the income distribution.

Let us assume that the individuals of our dataset (1, 2, . . . , n) are ranked
according to their individual income, i.e. y1 ≤ y2 ≤ . . . ≤ yn. We denote the
sample weight of individual i by σi, and we assume that

∑n
i=1 σi = 1.

If there are ties in the income distribution, we define k groups of in-
dividuals G1, G2, . . . , Gk such that everyone in group Gj has income yGj ,
and moreover yG1 < yG2 < . . . < yGk . The sample weight of group Gj is
σGj =

∑
i∈Gj σi. The cumulative sample weight of group Gj is defined by the

recursive formula πGj = πGj−1
+σGj , where we take πG0 = 0 and j = 1, . . . , k.
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Rank-Dependent Weights

Let individual i belong to group Gj. Then for ν ≥ 2 the weight of this
individual is equal to:

wRi (ν) =

(
1

ν − 1

)
n

(
σi +

(
σi
σGj

)[(
1− πGj

)ν − (1− πGj−1

)ν])
(A.1)

which for the basic version (ν = 2) reduces to:

wRi = nσi(πGj−1
+ πGj − 1) (A.2)

Working out the terms between brackets, we obtain:

wRi = nσi

[
σGj + 2

j−1∑
l=0

σGl − 1

]
(A.3)

Level-Dependent Weights

When working with level-dependent weights, there is no need to consider
group weights. We do have to modify the definitions of the mean income µy(α)
and of the Relative Mean Deviation D(α). The weighted mean income is now
µy(α) =

∑n
i=1 σiyi(α), and the weighted Relative Mean Deviation D(α) =(∑n

i=1 σi
∣∣yi(α)− µy(α)

∣∣) /µy(α). Taking α = 0, we obtain µy =
∑n

i=1 σiyi and
D = (

∑n
i=1 σi |yi − µy|) /µy. Using these definitions, the weight of individual

i is equal to:

wLi (α) = nσi.
yi(α)− µy(α)

µy(α)
.

1

φ(α)
(A.4)

which for the basic version (α = 0) reduces to:

wLi = nσi.
yi − µy
µy

(A.5)
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