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Abstract

In this paper, we show that equilibrium in a rent-seeking contest uniquely exists for

a class of heterogeneous risk-lovers. We explore the role 2nd- and 3rd-order risk atti-

tudes play in equilibrium and find that both risk lovingness and imprudence are jointly

sufficient to increase rent-seeking investment above the risk-neutral outcome. Moreover,

we show that it is possible to obtain an equilibrium in which rent is fully dissipated.

In particular, this paper is the first to show over-investment and over-dissipation in a

standard Tullock contest in which players are expected-utility maximizers. Our results

also hold in group contests. Given a small rent, we find that each player’s optimal

investment depends on his measures of risk aversion and downside risk aversion.
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1 Introduction

In the standard rent-seeking contest, individuals, groups, or institutions compete with one

another to obtain a known prize or rent. Competition often manifests itself in the expendi-

ture of resources designed to increase the likelihood of receiving the given rent. This game

demonstrates wide practical application in fields like political lobbying, sporting contests,

and many more. There exists a large volume of literature on both the theory and applica-

tion of rent-seeking games.1 Within these volumes, a notable amount of research centers

on testing the theoretical conclusions of rent-seeking models within controlled experiments.

However, the majority of these studies suffer from a similar yet perplexing result: subjects

tend to spend more in rent-seeking effort than theory would suggest for risk-neutral par-

ticipants. This is what we will consider as over-investment. Houser and Stratmann (2012)

and Dechenaux et al. (2012) provide a thorough summary of the experimental literature

and the prevalence of over-investment. Sheremeta (2013) provides different explanations for

the overbidding phenomenon, such as, bounded rationality, additional utility of winning,

other-regarding preferences, and probability distortion.

Within a framework of Expected Utility (EU) theory, we provide conditions under which

rent over-investment can occur in equilibrium. These conditions rely on the individual

agent’s attitude towards risk and downside risk which is also known as the third-order risk

preference or prudence. Originally defined by Kimball (1990), prudence implies a precau-

tionary savings motive whereby savings increases when future income prospects become

riskier. Within the context of EU theory, prudence is equivalent to a positive third deriva-

tive of utility function. Menezes et al. (1980) made the initial reference to this third-order

effect. Their description suggests that downside-risk-averse agents dislike a mean-preserving

spread on a “bad” outcome more than an identical contraction of a “good” outcome. Eeck-

houdt and Schlesinger (2006) use a concept of risk apportionment to show prudence as a

preference over 50-50 lottery pairs without the EU assumptions. In their work, prudent

agents demonstrate a risk location preference, desiring a zero mean risk in a “good” state

than in tandem with a “bad” state. Within this paper, we consider prudence and downside

risk aversion interchangeable. In fact, we will emphasize the counterpart of prudence, i.e.,
1See Congleton et al. (2008) or Konrad (2009) for an extensive review.

2



imprudence, and define it as a negative third derivative of utility function. Specifically,

both risk lovingness and imprudence are jointly sufficient for rent over-investment.

The existing literature on risk attitudes and rent-seeking deals almost exclusively in risk

aversion. Most studies conclude rent-seeking expenditures decline as agents become risk

averse (as opposed to the risk neutral outcome). Hillman and Katz (1984) derive a limiting

expression of competitive rent dissipation under risk aversion but only if the rent is small.

Cornes and Hartley (2003) find risk aversion decreases rent-seeking expenditure under less

restrictive assumptions on rent size. However, the authors restrict utility to follow a constant

absolute risk aversion (CARA) structure. Konrad and Schlesinger (1997) employ a more

generalized model by placing no limitation on rent size or functional form. Considering

only a symmetric solution with identical agents, the authors ultimate conclusion suggests

ambiguity between risk aversion and rent-seeking expenditure. It is only more recently

that research has addressed higher-order risk effects in these types of games.2 While not a

rent-seeking model per se, Eeckhoudt and Gollier (2005) present a loss-prevention model3

which is equivalent to a non-strategic contest, whereby, prudent agents will exert less effort

to avoid a loss than their risk-neutral counterparts. Treich (2010) proves, using Eeckhoudt

and Gollier (2005)’s analogy, risk aversion decreases rent-seeking effort in a symmetric

contest under the condition of prudence.

Recently, Jindapon (2013) complements Eeckhoudt and Gollier (2005)’s results by prov-

ing that risk lovers also invest in loss-prevention and they will exert more effort than the

risk-neutral solution if they are imprudent. Our intuition suggests that we might be able

to obtain a parallel result for a rent-seeking contest; a motivation for this paper. However,

to our knowledge, there is no previous literature discussing the existence of equilibrium

under convex utility function (risk-loving preferences). There are several papers within the

rent-seeking literature focusing on the characterization of a unique equilibrium. Notably,

Szidarowszky and Okuguchi (1997) demonstrate a unique equilibrium under risk neutral-

ity, and Cornes and Hartley (2003) prove a similar result under risk aversion with CARA

preferences. More recently, Treich (2010) shows the existence of a symmetric equilibrium

under decreasing absolute risk aversion (DARA) as long as the rent is small enough.4

2It is of note that Millner and Pratt (1991) suggest a third order effect could influence expenditures.
3Also known as the self-protection problem first studied by Ehrlich and Becker (1972)
4Yamazaki (2009) also considers the risk averse case under DARA condition. However, we discover a
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In Section 2, we prove that for a set of heterogenous risk-lovers, if each player’s Arrow-

Pratt measure of risk aversion does not change too quickly in the relevant income domain,

then a Nash equilibrium exists and it is unique. Since the risk aversion measure is constant

given a convex CARA function, u(w) = eρw with ρ > 0, an equilibrium always uniquely

exists with this class of utility functions. Other classes of utility functions also satisfy this

restriction for some initial income and rent, such as, convex CRRA (i.e., constant relative

risk aversion) functions, u(w) = wθ with θ > 1, and some polynomial functions. Note that

we neither need to assume a very small rent in the context of Taylor’s approximation nor a

certain kind of monotonicity of the measure of risk aversion with respect to wealth.

We compare a risk-lover’s rent-seeking investment in equilibrium to the risk-neutral so-

lution in Section 3. Our findings are as expected; for a contest with more than two players,

both risk lovingness and imprudence are jointly sufficient for an increase in rent-seeking

investment above the risk-neutral level. When there are two players, imprudence alone

can increase each player’s optimal investment above the risk-neutral level regardless of his

risk attitude. This results are important especially for researchers who use experimental

observations to estimate each individual’s parametric utility function. As we mentioned

above, over-investment is very common in the laboratory, using a concave functional form

with over-investment data will only create discrepancies.5 We focus on two simple func-

tional forms that exhibits risk loving, convex CARA and convex CRRA, and discuss how

much of over-investment can be explained by risk lovingness and imprudence given different

number of players. We also present an example of rent seeking where that the sum of all

players’ expenditures exceeds the rent, a phenomenon known as rent over-dissipation. To

our knowledge, this is the first paper to show that rent over-dissipation occurs in a standard

Tullock contest with EU maximizing players.6

In Section 4, we provide two extensions of our model. First, we analyze a group contest

and find that our main result still holds; in a group contest with effort sharing rule, risk

loving and imprudence can increase a group member’s investment higher than his risk-

neutral solution. Second, we consider individual contests with a rent so small that we can

flaw in his proof that restricts the existence of equilibrium. Please see Appendix B for further discussion.
5See Abbink et al. (2010) for an example.
6In a standard Tullock contest, production function is linear and prize is fixed.
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use Taylor’s approximation to calculate each players’ optimal investment. Interestingly, we

find that in a contest with more than two players each player’s investment increases due

to a decrease in his Arrow-Pratt measure of risk aversion or his local measure of downside

risk aversion suggested by Modica and Scarsini (2005) and Crainich and Eeckhoudt (2008).

When rent is small and there are two players, a reduction in each player’s measure of

downside risk aversion results in an increase in rent-seeking investment while the measure

of risk aversion has no impact. This is consistent with our main finding with two players in

Section 2.

We discuss our results and conclude in Section 5.

2 Existence of Equilibrium

Consider the following n-player rent-seeking game with n ≥ 2. Each player faces an initial

endowment of income Ii for i = 1, ..., n. Players compete for an exogenous rent of a fixed size

R by choosing a level of rent-seeking expenditure xi where xi ∈ [0, Ii]. For a representative

player i, the probability of winning the rent follows the logistic contest success function:

pi =
fi(xi)∑n
j=1 fj(xj)

(1)

Assumption 1. fi(0) = 0, f ′i(xj) < 0, f ′i(xi) > 0, and f ′′i (xi) ≤ 0 for all x ∈ [0, Ii] and

i = 1, 2, ..., n.

The assumptions above are quite intuitive and common to both the rent-seeking literature

and contests in general. If successful in winning the rent, player i receives a final wealth

Ii − xi + R, otherwise she will receive Ii − xi. Preferences over wealth are described by a

utility function ui and each player chooses xi to maximize the following,

Eui = piui(Ii − xi +R) + (1− pi)ui(Ii − xi) (2)

Given its significance in our results, we proceed using similar methodology to that of

Szidarowszky and Okuguchi (1997) and Cornes and Hartley (2003). If we let yi = fi(xi),

Y =
∑n

i=1 yi, and Y−i = Y − yi, the expected utility in (2) can now be written as

Eui =

(
yi

yi + Y−i

)
ui(Ii − gi(yi) +R) +

(
Y−i

yi + Y−i

)
ui(Ii − gi(yi)), (3)
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Figure 1: Player i’s indifference curves with and winning probability constraints given

conditions specified in Examples 1 and 2

where gi is defined as f−1
i . We can equivalently redefine this optimization problem as one

where agents choose a pair of (yi, pi) to maximize

Ui(yi, pi) = piui(Ii − gi(yi) +R) + (1− pi)ui(Ii − gi(yi)) (4)

subject to the winning probability constraint

pi =
yi

yi + Y−i
=: p(yi|Y−i). (5)

Note that p(yi|Y−i) is increasing in yi, decreasing in Y−i, and concave in yi as illustrated

by the dashed curves in Figure 1. On the left panel, from top to bottom, we let Y−i =

0.212, 0.478, and 1.020 respectively. On the right panel, from top to bottom, we let Y−i =

0.251, 0.462, and 0.725 respectively.

Now consider Player i’s indifference curves in the (yi, pi) space. Let function qi represent

the probability of winning player i needs when choosing yi to keep his expected utility at a

constant Ū , that is,

qi(yi|Ū) :=
Ū − ui(Ii − gi(yi))

ui(Ii − gi(yi) +R)− ui(Ii − gi(yi))
. (6)
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If qi(yi|Ū) in increasing and convex in yi as the solid curves in Figure 1, player i will be able

to find a unique best response to the sum of all other players’ expenditures, Y−i. We state

the following assumptions about each player’s utility function so all indifference curves are

increasing and convex. First we denote player i’s Arrow-Pratt measure of risk aversion by

ri(w) = −u′′i (w)
u′i(w)

.

Assumption 2. ui is thrice differentiable with

(i) u′i(w), u′′i (w) ≥ 0 and

(ii) ri(x) ≥ 2ri(y)

for all w, x, y ∈ [Ii −R, Ii +R].

We assume the above set of restrictions on ui(w) to obtain convex indifference curves.7

Assumption 2 (i) implies that 0 ≥ ri(x) for all x ∈ [Ii − R, Ii + R]. Assumption 2 (ii)

imposes that the Arrow-Pratt measure of risk aversion does not change too quickly within

the relevant range of income. If we pick any pair of x and y from the interval [Ii−R, Ii+R]

and find that ri(x) ≥ ri(y), then ri(x) ≥ 2ri(y). On the other hand, if ri(x) < ri(y), we will

have ri(x) ≥ 2ri(y) if and only if the difference between ri(y) and ri(x), i.e., ri(y) − ri(x)

is smaller than −ri(y). Many functional forms of convex utility functions possess this

property. Consider a convex CARA function with the form ui(w) = eρw where ρ > 0.

Note that ri(x) = ri(y) = −ρ for all x and y Assumption 2 (ii) holds. Another example

is a convex CRRA function with the form ui(w) = wθ where θ > 1. Conditions (ii) and

(iii) hold when the range of relevant income is small. For example, if Ii = 4 and R = 1,

then ri(w) ∈ [1−θ
3 , 1−θ

5 ] for all θ > 1 and w ∈ [3, 5]. It is not difficult to check whether a

polynomial satisfies this condition. Now we state the following preliminary result.

Lemma 1. Suppose that Assumption 2 holds. Indifference curves qi(yi|Ū) are increasing

and convex in [0, fi(R)]× [0, 1].

Proof. See Appendix A.
7In fact it is not necessary that indifference curves are convex for existence of equilibrium. For a risk

averter with CARA utility functions, Cornes and Hartley (2003) show indifference curves are concave yet

less concave than the winning probability constraint. Our goal here is to find a simple sufficient condition

that guarantees unique equilibrium.
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Consider the following examples:

Example 1. Player 1 faces the CARA utility function u1(w) = eρw with ρ = 1.5 and

f1(x1) = x1. He has an initial income, I1 = 4 and competes for a rent of size R = 1.

Example 2. Player 2 faces the CRRA utility function u2(w) = wθ with θ = 1.5 and

f2(x2) = x2. She has an initial income, I2 = 4 and competes for a rent of size R = 1.

We draw three indifference curves for each player in Figure 1 (solid curves). From top to

bottom of the left panel, each indifference curve corresponds to the CARA player’s expected

utility of Ū = 804.536, 609.031, and 469.469. On the right panel, along each indifference

curve, the CRRA player maintains her expected utility at Ū = 8.804, 8.350, and 8.090.

We adopt the approach by Cornes and Hartley (2003)? to show existence and uniqueness

of equilibrium when all players are risk loving. First, given an aggregate investment of

other players Y−i, we define each player’s best reply function y∗(Y−i) which is player i’s

investment level that maximizes (3). Then we derive player i’s share function si(Y ∗) which

is the probability that player i wins the contest as a function of total investment of all

players in the contest given player i’s optimal investment. Thus, Y ∗ = y∗i (Y−i) + Y−i.

In Example 1, we find that (i) y∗(0.212) = 0.212 and the corresponding probability of

winning is 0.500, (ii) y∗(0.478) = 0.239 and the corresponding probability of winning is

0.333, and (iii) y∗(1.020) = 0.204 and the corresponding probability of winning is 0.167.

Thus we can write Player 1’s share function given three values of Y ∗ as s1(0.424) = 0.5,

s1(0.717) = 0.333, and s1(1.224) = 0.167.

In Example 2, we find that (i) y∗(0.251) = 0.251 and the corresponding probability of

winning is 0.500, (ii) y∗(0.462) = 0.231 and the corresponding probability of winning is

0.333, and (iii) y∗(0.725) = 0.145 and the corresponding probability of winning is 0.167.

Thus we can write Player 2’s share function given three values of Y ∗ as s2(0.502) = 0.5,

s2(0.693) = 0.333, and s2(0.870) = 0.167.

Next, we obtain the following results.

Lemma 2. Suppose that Assumptions 1 and 2 hold.

(i) There exists a threshold κi > 0 such that player i’s best response y∗i (Y−i) > 0 for all

Y−i ∈ [0, κi) and y∗i (Y−i) = 0 for all Y−i ≥ κi.
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(ii) Each player’s share function si(Y
∗) has the following properties: (a) continuous on

Y ∗ > 0, (b) si(Y ∗) → 1 as Y ∗ → 0, (c) si(Y ∗) = 0 for all Y ∗ ≥ κi, and (d) strictly

decreasing in Y ∗ for all Y ∗ ∈ (0, κi).

Proof. See Appendix A.

Lemma 2 (i) implies that when the aggregate investment of all other players is larger

than the threshold, player i will no longer participate in the contest because the chance of

winning is so small that the expected marginal benefit of winning is extremely low. Consider

the indifference curve that goes through the origin, i.e., qi(yi|Ū = ui(Ii)) where ui(Ii) is

the expected utility from not participating in the contest. When Y−i becomes very large,

the slope of the constraint p(yi|Y−i) at the origin will be smaller than the slope of the

indifference curve qi(yi|Ū = ui(Ii)) at the same point. Thus the player chooses yi = 0, a

corner solution, when Y−i > κi.

It follows from part (ii) of Lemma 2 that there exists a unique value of Y ∗ ∈ (0,max{κi})

such that
∑n

i=1 si(Y
∗) = 1. We call such level of aggregate investment the equilibrium level

of aggregate output Y e. Therefore, player i’s output level in equilibrium is yei = si(Y
e)Y e.

Thus in a contest with two identical players described in Example 1, there is only one

equilibrium where each player invests 0.212 and each player’s probability of winning is

0.500. Similarly, if there are three identical players described in Example 1, each player

invests 0.239 in equilibrium and his probability of winning is 0.333. When there are six

players, each CARA player invests 0.204 in equilibrium so that his probability of winning is

0.167. Symmetric contests with CRRA players given in Example 2 can be derived similarly.

Given Lemma 2, we can state sufficient conditions for a unique equilibrium under risk-

loving attitudes.

Proposition 1. If Assumptions 1 and 2 hold, the rent-seeking game has a unique Nash

equilibrium.

3 Effect of Risk Attitudes

In efforts to highlight our results and without loss of generality, we restrict the contest

success function faced by each player to follow a standard Tullock lottery where fi(xi) = xi
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for all i. We can then re-express the maximization problem from the previous section as,

Eui =
xi
X
u(Ii − xi +R) +

X − xi
X

u(Ii − xi). (7)

where X =
∑n

i=1 xi and all other variables follow their former definitions. In a symmetric

equilibrium, i.e., xi = x for i = 1, ..., n, a respective player selects a level of rent-seeking

expenditure x which solves,(
n− 1

n2x

)
[u(I − x+R)− u(I − x)] =

(
1

n

)
u′(I − x+R) +

(
n− 1

n

)
u′(I − x). (8)

Therefore the optimal investment given u and n satisfies the following condition:

x∗ =
(n− 1)R

n2


(

1
R

) I−x+R∫
I−x

u′(v)dv(
1
n

)
u′(I − x+R) +

(
n−1
n

)
u′(I − x)

 . (9)

Under the assumption of risk neutrality, the segment in brackets reduces to 1 and the

solution easily simplifies to x̃ = (n−1)R
n2 (note that x̃ will further denote the risk neutral

optimal investment). If we examine a 2-player contest (i.e. n = 2) the optimal rent

investment from (9) now satisfies

x∗ =
R

4


(

1
R

) I−x+R∫
I−x

u′(v)dv(
1
2

)
[u′(I − x+R) + u′(I − x)]

 . (10)

where again, under risk neutrality, optimal expenditure becomes x̃ = R
4 . We now address

what roles second and third-order risk attitude play in equilibrium.

Proposition 2. In a symmetric equilibrium with n players,

(a) if n > 2 and agents are risk loving and imprudent (risk averse and prudent), then each

agent’s rent-seeking expenditure is higher (lower) than their corresponding risk neutral

level;

(b) if n = 2 and agents are imprudent (prudent), then each agent’s rent-seeking expenditure

is higher (lower) than their corresponding risk neutral level

Proof. See Appendix A
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If we consider the approach of Menezes et al. (1980) and interpret a positive third

derivative of a utility function as a preference for a leftward skew, these results make intu-

itive sense. downside-risk-averse agents dislike additional rent-seeking expenditure because

it lowers their income in the “bad” state (not winning the rent) and thereby skews the

income distribution rightward. However, imprudent agents prefer a rightward skew, and

hence, spend more in rent-seeking efforts to garner the favored distribution. This intuition,

however, can be somewhat ambiguous under the presence of risk-averse or risk-loving prefer-

ences.8. The second-order and third-order effects may affect a player in opposite directions.

In particular, it is impossible to conclude whether a prudent risk-lover or an imprudent

risk-averter will invest more or less in rent seeking than a risk-neutral player. However,

in a two-player game, this is possible and, more notably, imprudence is all that is needed

to induce over-investment. While this is quite limiting theoretically, much of the existing

experimental research focuses on 2-player contests.

For further clarification, Table 1 presents a summary of optimal investment in a contest

with various specifications for risk preference. We assume CARA and CRRA risk-lovers

as in Examples 1 and 2 respectively. We compare each agent’s optimal investment to the

risk neutral level in symmetric contests given 2, 3, and 6 players. As in both examples

initial income, I = 1, and rent size, R = 1. Note that the CARA player’s utility function is

given by u(w) = e1.5w and the CRRA player’s utility function is given by u(w) = w1.5. As

suggested in Proposition 2, the CRRA agent chooses to invest more than the risk-neutral

player because the former is an imprudent risk-lover. Both imprudence and risk lovingness

have a positive effect on the optimal investment level. On the other hand, the CARA agent

is a prudent risk-lover. When n = 2, risk loving preference in the CARA agent does not

play a role, only prudence does. Since prudence has a negative effect on the optimal level

of investment, he invests less than the risk-neutral player. However, as n increases, his

risk lovingness outweighs prudence so he chooses to invest more than the risk-neutral level.

Interestingly, when there are 6 players, all facing the same utility function u(w) = w1.5,

each optimally invests 0.204 and the total investment is 1.224 which is greater than the rent

itself. Thus we provide an example of over-dissipation in a contest with risk-lovers.
8See Konrad and Schlesinger (1997) for a detailed discussion
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Numberofplayers CARA CRRA Neutral

2 0.212 0.251 0.250

3 0.239 0.231 0.222

6 0.204 0.145 0.139

Table 1: Optimal investment given a CARA risk-lover, a CRRA risk-lover, and a risk-neutral

player in symmetric contests with 2, 3, and 6 players

4 Extensions

4.1 Group rent-seeking

We now move to examine third-order risk attitudes within group contests. All the major

assumptions from before still hold; however, groups of individuals now compete for the rent.

Each member decides to contribute some amount of rent-seeking effort to the overall group

and, if successful, will receive some fraction of the overall rent. Nitzan (1991) provides the

seminal work in understanding group behaviour within rent-seeking games and is the base

for our analysis.

Consider a game where player i is affiliated with group j consisting of mj members. She

chooses an effort xij to maximize her expected utility:

Euij = pju(I − xij + S(R, xij ,mj)) + (1− pj)u(I − xij) (11)

Here pj is now the probability of success for group j. This again follows the Tullock lottery

pXj =
Xj

X where Xj =
mj∑
i=1

xij , the total effort of group j and X is the combined effort

of all M groups, X =
∑M

j=1Xj . The function S is considered the sharing rule. This

function decides how the rent is allocated amongst the group members. For this paper

we will consider only an effort-based sharing rule.9 Here, players receive a share of the

rent proportional to their contribution towards the overall group effort. The sharing rule

function becomes S(R, xij) =
xij
Xj
R

9Many papers address an an egalitarian distribution where each player receives an equal share of the

rent. This can be expressed as S(R,mj) =
R
mj

. However, the symmetric equilibrium results are similar to

the case of 2 players and only provide trivial insight.
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To isolate the third-order effects we examine a game involving only 2 groups that are

symmetric in both the number of members and within group membership itself. Following

the same assumptions as the previous section, Player i (a member of group 1) faces the

revised maximization problem,

max
xi1

Eui1 =
X1

X
u(I − xi1 +

xi1
X1

R) +
X2

X
u(I − xi1) (12)

If we impose symmetry, the first order condition satisfies the following,

1

4xm

∫ I−x+ R
m

I−x
u′(v)dv +

(m− 1)R

2m2x
u′(I − x+

R

m
) =

1

2

[
u′(I − x+

R

m
) + u′(I − x)

]
. (13)

Here we see the marginal benefit of increased expenditure on the LHS and the marginal

cost of additional investment on the RHS. Solving the first order condition for optimal

investment

x̂ =

1
4m

I−x+ R
m∫

I−x
u′(v)dv + (m−1)R

2m2 u′(I − x+ R
m)

1
2 [u′(I − x+ R

m) + u′(I − x)]
. (14)

Note that under risk neutrality, the above condition reduces to R
4m2 [1 + 2(m − 1)] which

has been derived in Nitzan (1991). The term 2(m− 1) arises because of rent augmentation;

each player’s contribution influences her payoff and the payoff to other group members.10

Rearranging (14) yields

x̂ =
R

4m2


m
R

I−x+ R
m∫

I−x
u′(v)dv

1
2 [u′(I − x+ R

m) + u′(I − x)]
+ 2(m− 1)

u′(I − x+ R
m)

1
2 [u′(I − x+ R

m) + u′(I − x)]

 (15)

If u′′′ < 0, the first term in the brackets is greater than 1, and, conversely, less than 1

when u′′′ ≥ 0. However, the second term in the brackets depends on the shape of utility.

If u′′ > 0, the second term in the brackets is greater than 2(m − 1), and again, less than

2(m− 1) under u′′ < 0. We can therefore make the following proposition.

Proposition 3. In a symmetric equilibrium with 2 groups of equal size and effort sharing

rule if agents are risk loving and imprudent (risk averse and prudent), then rent-seeking

expenditures are greater than (less than) risk-neutral levels.
10See Konrad and Schlesinger (1997) for a rent augmenting game amongst individual players
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This result is nearly identical to Proposition 2 found at the beginning of this section.

The experimental literature on group rent-seeking contests is rather new and there is not

a large base to document over-investment. However, a recent experiment by Abbink et al.

(2010) studies the role both group and individual activity plays in rent-seeking games. They

find over-investment in both cases where individuals compete and when teams of 4 compete,

although over-investment is much higher in the teams case. Given that the authors do not

screen for risk attitudes (implying risk neutrality), our proposition could provide reasoning

for their findings.

4.2 Contest with a small prize

Assuming the rent R is small, we consider the following second-degree Taylor expansion of

u′ around the midpoint z̄ = I − x+ R
2 of the interval [I − x, I − x+R],

γ(z) = u′(z̄) + u′′(z̄)(z − z̄) +
u′′′(z̄)

2
(z − z̄)2. (16)

Incorporating the polynomial above into (9), we can rewrite the optimal level of x as

x∗ ≈ (n− 1)R

n2


(

1
R

) z̄+R
2∫

z̄−R
2

γ(v)dv

(
1
n

)
γ(z̄ + R

2 ) +
(
n−1
n

)
γ(z̄ − R

2 )

 . (17)

Given ∫ z̄+R
2

z̄−R
2

γ(z)dz = u′(z̄)R+ u′′′(z̄)
R3

24
(18)

and (
1

n

)
γ(z̄ +

R

2
) +

(
n− 1

n

)
γ(z̄ − R

2
) = u′(z̄)− u′′(z̄)(n− 2)R

2n
+ u′′′(z̄)

R2

8
, (19)

then (17) reduces to,

x∗ ≈ (n− 1)R

n2

[
1 + d(z̄)R

2

24

1 + r(z̄) (n−2)R
2n + d(z̄)R

2

8

]
, (20)

where r is the Arrow-Pratt absolute measure of risk aversion and d is a local measure of

downside risk aversion defined by Modica and Scarsini (2005) as d(z̄) = u′′′(z̄)
u′(z̄) It is obvious

that ∂x∗

∂r(z̄) < 0. However, in order to demonstrate that optimal investment is decreasing in
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the degree of prudence, we impose a restriction that r(z̄) < 4n
(n−2)R . Then we can state the

following results.

Proposition 4. In a symmetric equilibrium with n players and small rent,

(a) if n > 2 and r(z̄) < 4n
(n−2)R , as agents become less (more) risk averse and less (more)

downside risk averse, i.e., r and d fall (rise), each agent’s rent-seeking expenditure

increases (decreases);

(b) if n = 2, as agents become less (more) downside risk averse, i.e., d falls (rises), each

agent’s rent-seeking expenditure increases (decreases).

Just as in the previous section, we see that second-order risk attitudes do not play a

role in contests with 2 players. If n = 2 the solution in (20) simplifies to,

x∗ ≈ R

4

[
1 + d(z̄)R

2

24

1 + d(z̄)R
2

8

]
(21)

and it follows that rent over-investment may occur in the case where imprudence holds ,

i.e. u′′′ < 0. We can also infer, when the rent is small, that increasing levels of imprudence,

decreasing d(z̄), lead to even higher levels of over-investment.

5 Conclusion

In this paper, we provide a standard rent-seeking game and demonstrate conditions under

which rent over-investment is possible. Within a symmetric contest, we find risk-loving

and imprudent rent seekers will always spend more than their risk-neutral counterparts.

Further, when there are only 2 players, imprudence is all that is needed to ensure this

result. These conclusions might explain the above-equilibrium expenditures often found

in the experimental literature. At the very least, future experiments may benefit from

screening participants for these third-order risk attitudes.11 Early work by Tarazona-Gomez

(2004) and more recent work from Deck and Schlesinger (2010) and Noussair et al. (2011)

develop methods to identify prudence (or imprudence) within experimental settings.
11It should be noted that some studies do screen for risk aversion. See Millner and Pratt (1991)
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6 Appendix A

6.1 Proof of Lemma 1

The slope of indifference curve qi(yi|Ū) is given by

q′i(yi|Ū) = [qiφi(Ii − gi(yi)) + (1− qi)ψi(Ii − gi(yi))]g′i(yi), (22)

where

φi(w) =
u′i(w +R)

ui(w +R)− ui(w)
(23)

and

ψi(w) =
u′i(w)

ui(w +R)− ui(w)
. (24)

Thus, under general conditions, the indifference curve is always upward sloping.

The indifference curve and probability constraint faced by player i from Example 1 can be

seen in Figure 1. We will use this example as reference throughout the rest of this section.

Upward-sloping indifference curves do not alone provide uniqueness of equilibrium. We

now move to examine the convexity of the indifference curve. By letting vi := Ii − gi(yi),

we derive the second derivative of qi(yi|Ū) with respect to yi from (22) as follows

q′′i (yi|Ū) = [qiφi(vi) + (1− qi)ψi(vi)]g′′i (yi) + [qiΦi(vi) + (1− qi)Ψi(vi)][g
′
i(yi)]

2, (25)

where

Φi(w) = φi(w)[φi(w)− ψi(w)]− φ′i(w) (26)

and

Ψi(w) = ψi(w)[φi(w)− ψi(w)]− ψ′i(w). (27)

The first term on the right-hand side of (25) is positive; however, the sign of the last term

in (25) is uncertain. To make the last term positive we assume

(i) φ′i(w) ≤ φi(w)[φi(w)− ψi(w)],

(ii) ψ′i(w) ≤ ψi(w)[φi(w)− ψi(w)],

for all w ∈ [Ii − R, Ii]. Even though Conditions (i) and (ii) above are stated in terms of

φi and ψi instead of ui, their intuition is quite simple. Using (23) and (24), we can write
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Conditions (i) and (ii) as

u′′i (w +R)

u′i(w +R)
≤ 2

u′i(w +R)− u′i(w)

ui(w +R)− ui(w)
(28)

and
u′′i (w)

u′i(w)
≤ 2

u′i(w +R)− u′i(w)

ui(w +R)− ui(w)
(29)

for all w ∈ [Ii −R, Ii] respectively. Thus both inequalities can be satisfied if u
′′
i (x)
u′i(x)

≤ 2
u′′i (y)
u′i(y)

for all x, y ∈ [Ii −R, Ii +R].

6.2 Proof of Lemma 2

Part (i) We find the status quo level of player i’s utility with no investment and no chance

of winning ui(Ii). The constrained optimization problem yields an interior solution (i.e.,

y∗ > 0) given Y−i whenever the slope of the indifference curve qi(yi|Ū = ui(Ii)) at yi = 0

is smaller than the slope of the constraint curve p(yi|Y−i) at yi = 0. Since q′i(yi|Ū) is given

by (22) and p′(yi|Y−i) = Y−i/(yi + Y−i)
2, we have q′i(yi|Ū = ui(Ii)) < p′(yi|Y−i) at yi = 0 if

and only if

ψi(Ii)g
′
i(0) <

1

Y−i
. (30)

By letting κi = 1/[ψi(Ii)g
′
i(0)], we find that y∗ > 0 if and only if Y−i < κi.

Part (ii) Define player i’s share function, the probability that player i wins the contest given

his optimal investment as si(Y ∗) where Y ∗ = y∗i (Y−i) + Y−i. Since y∗i (0) > 0, then si(Y ∗)

for Y ∗ = 0 is undefined. In an interior solution, we have the tangency condition and the

binding constraint condition as follows:

Y−i
(y∗i + Y−i)2

− [p∗iφi(v
∗
i ) + (1− p∗i )ψi(v∗i )]g′i(y∗i ) = 0 (31)

p∗i −
y∗i

y∗i + Y−i
= 0 (32)

Using (32), we rewrite (31) as

1− p∗i
Y ∗

− [p∗iφi(v
∗
i ) + (1− p∗i )ψi(v∗i )]g′i(y∗i ) = 0 (33)

which can be rearranged as

p∗i =
[1− ψi(v∗i )g′i(y∗i )Y ∗]

[1− ψi(v∗i )g′i(y∗i )Y ∗] + φi(v∗i )Y
∗ . (34)
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Therefore, we have

si(Y
∗) = max

{
[1− ψi(v∗i )g′i(y∗i )Y ∗]

[1− ψi(v∗i )g′i(y∗i )Y ∗] + φi(v∗i )Y
∗ , 0

}
. (35)

We find that si is a continuous function of Y ∗ for Y ∗ > 0 and 1 is its upper bound. In

addition, as Y ∗ approaches 0, si converges to 1. From part (i) we know that y∗ = 0 if

Y−i ≥ κi where κi = 1/[ψi(Ii)g
′
i(0)]. Thus we can say that si = 0 if Y ∗ ≥ κi which is

consistent with the numerator of (35). To show property (d) we total differentiate the

system of equations (31) and (32) with respect to Y−i.

dp∗i
dY−i

=
− Y−i

Y ∗4 −
y∗i
Y ∗2 [p∗iφi(v

∗
i ) + (1− p∗i )ψi(v∗i )]g′′i (y∗i ) +

y∗i
Y ∗2 [p∗iφ

′
i(v
∗
i ) + (1− p∗i )ψ′i(v∗i )][g′i(y∗i )]2]

q′′i (y∗i |u∗i )− p′′(y∗i |Y−i)
(36)

dy∗i
dY−i

=

y∗i−Y−i

Y ∗3 +
y∗i
Y ∗2 [φi(v

∗
i )− ψi(v∗i )]g′i(y∗i )

q′′i (y∗i |u∗i )− p′′(y∗i |Y−i)
(37)

where u∗i is the optimal expected utility corresponding to y∗i . Since q′′i (y∗i |u∗i ) ≥ 0 and

p′′(y∗i |Y−i) = −2Y−i/(yi + Y−i)
3 < 0, then the denominator of each equation is always

positive. Consider the numerator of (36). The middle term is nonnegative because ui is

convex and gi is concave. Thus
dp∗i
dY−i

< 0 if

y∗i
Y ∗2

[p∗φ′i(v
∗
i ) + (1− p∗)ψ′i(v∗i )][g′i(y∗i )]2 <

Y−i
Y ∗4

. (38)

Substituting g′i(yi) from (31) and y∗i
Y ∗ from (31) in (38) yields

p∗i (1− p∗i )[p∗iφ′i(v∗i ) + (1− p∗i )ψ′i(v∗i )] < [p∗iφi(v
∗
i ) + (1− p∗i )ψi(v∗i )]2. (39)

Conditions (i) and (ii) in the proof of Lemma 1 guarantee that (39) holds so dp∗i
dY−i

< 0 for all

Y−i ∈ (0, κi). Now consider (37). Substituting q′′i (y∗i |u∗i ) from (25) and p′′(y∗i |Y−i) from (??)

in (37) yields dy∗i
dY−i

> −1. Given the definition of Y ∗ above, it follows that dY ∗

dY−i
=

dy∗i
dY−i

+ 1.

Since dy∗i
dY−i

> −1, then dY ∗

dY−i
> 0. Given dp∗i

dY−i
< 0, it follows that dsi

dY ∗ < 0 for all Y ∗ ∈ (0, κi).

6.3 Proof of Proposition 2

In order to demonstrate this proposition, we provide the following lemma.

Lemma 3. If u′ is convex then,(
1

n

)
u′(I − x+R) +

(
n− 1

n

)
u′(I − x) ≥

(
1

R

)∫ I−x+R

I−x
u′(x)dx (40)
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Proof. Using a generalization of Hermite-Hadamard’s inequality given by Theorem 5.11 in

Pec̆arić et al. (1992), we have(
1

n

)
u′(I − x+R) +

(
n− 1

n

)
u′(I − x) ≥ n

2R

∫ I−x+ 2R
n

I−x
u′(x)dx (41)

because u′′′ ≥ 0. Using Steffensen’s inequality given by Theorem 6.19 in Pec̆arić et al.

(1992), we find ∫ I−x+ 2R
n

I−x
u′(x)dx ≥ 2

n

∫ I−x+R

I−x
u′(x)dx (42)

assuming u′′ ≤ 0. Hence (41) and (42) imply (40).

Using (9) and (40), Proposition 2 clearly follows. Under risk loving preference and

imprudence, the above lemma can be modified by applying a reversed strict inequality.

Appendix B: A note on equilibrium in Yamazaki (2009)

In the proof of Lemma 1 found in Yamazaki (2009), the author attempts to confirm the

convexity of an indifference curve G by examining its first partial derivative with respect

to yi:
∂Gi
∂yi

=
g′i(yi)

ui(zHi )− ui(zLi )

[
u′i(z

L
i ) +

Ū − ui(zLi )

ui(zHi )− ui(zLi )
(u′i(z

H
i )− u′i(zLi ))

]
(43)

where zHi denotes income with the rent and zLi is income without with all other variables

being previously defined. The author incorrectly claims ui(zHi )−ui(zLi ) to be non-increasing

in yi when the difference is actually increasing in yi under the assumption of risk aversion.

Therefore we cannot conclude convex indifference curves and the existence of a unique

equilibrium under DARA breaks down.
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