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1 Introduction

In most modern economies, the “Digital Dividend” represents a substantial technological

and financial windfall. Developments in television broadcasting allow the transmission of

digital video and sound that require only one-sixth the bandwidth of inferior quality analog

transmissions. Therefore, replacing analog transmissions with digital transmissions frees up

a substantial quantity of spectrum frequencies, which can be easily employed to transmit

wireless data. This data is used by mobile phones, laptop computers, and other devices.

These unallocated new spectra offer opportunities for consumers, producers and govern-

ment. First, wireless telecommunications companies can expand their services. Firms that

have access to the new spectra can effectively provide superior data services relative to firms

who do not. Second, consumers can enjoy a wider range of services potentially delivered in

a more timely manner. Third, the government benefits from the unallocated spectra in two

ways. On the one hand, the government, as an auctioneer, can earn revenue from the auc-

tion. On the other hand, the government, as a regulator, can affect the degree of competition

in the telecommunications market in order to increase total surplus. A common policy tool

adopted by governments to achieve social optimum is to conduct an auction with caps on

firms to limit their winnings. In this way, the regulator can prevent one firm from winning

all units and becoming a monopolist.

Spectrum auctions are potentially an efficient way to allocate the new spectra across firms

and do not represent new phenomena in most countries.1 A spectrum auction is an example

of a multi-unit auction. The auctioneer is selling a collection of relatively homogeneous

goods to multiple firms.2 If the number of firms in the auction is small, then this can result

1The United States began its auctions for spectrum licenses during the 1990s, and has since assessed their
efficiency. For example, see Cramton (1997), Cramton (1998), Kwerel and Rosston (2000), and Bush (2010).
Meanwhile, the GSM (second generation mobile telecommunication) and UMTS (third generation) auctions
in Europe from 1999 to 2001 attracted a lot of attention from the public for their interesting outcomes. For
example, see van Damme (2002), Klemperer (2005), and Grimm, Riedel, and Wolfstetter (2003). Economists
have also been surprised by the huge revenues the British government realized from the sale of its 3G telecom
licenses (Binmore and Klemperer (2002)).

2In reality, spectrum frequencies are not truly homogeneous because technology-dependent synergies to
having access to adjacent frequencies exist. In addition, regional standards, technological limitations, and
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in participants winning multiple units and obtaining market power. Our aim in this paper

is to examine the equilibrium properties of a Digital Dividend auction where participants

compete for market power in the telecommunications market. Our model consists of a

downstream market, in which firms play a Cournot game with capacity constraints, similar

to Laye and Laye (2008). Specifically, firms produce two goods: low and high data use plans,

and are constrained in their ability to produce data plans by the amount of spectra they have

available. We assume that new (Digital Dividend) spectra are required to produce high data

use plans. Having projected their potential profits in the downstream market, firms enter

into a simultaneous uniform-price clock auction to increase their production capacity. It is

worth noting that although we consider the spectrum auction as the motivating example, our

model can be generalized to investigate other problems where there is interaction between a

downstream market and an upstream auction/competition.3

We solve the auction problem numerically using dynamic programming techniques that

allow firms to bid strategically. We find many instances of firms following mixed strategies in

their bidding. In these cases, our model generates distributions of allocations, profits, levels

of social welfare, and revenue for the auctioneer. We consider several scenarios for market

structure and investigate the equilibrium outcomes using these measures. Furthermore, our

computational procedure allows us to explore the way in which an auctioneer might impose

caps on how many spectrum units individual participants can win. Our findings show that

regulators concerned solely with total surplus may find allocating spectra by government

policy to be more efficient than using a spectrum auction. In contrast, regulators concerned

with revenue maximisation often find that a capping structure that favours less efficient

outcomes is an effective allocation mechanism.

Our work contributes to the literature in several ways. First, at multi-unit auctions,

bidders are often assumed to have non-increasing marginal valuation (NIMV) for the goods

device manufacturers’ decisions may make certain segments of a given band more or less desirable.
3Examples include procurement auctions (to obtain market access) for medical drugs in third-world

countries and competition by airlines for landing slots; see Eső, Nocke, and White (2010).
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in question.4 This is a classic feature in economic theory making the models tractable.

Unfortunately, this assumption is not necessarily valid in our case because marginal value of

a spectrum unit may increase with a bidder’s market power. In our model, units sold in the

auction affect the production capacity. Therefore, winning more units not only increases a

firm’s production capacity, but also limits its competitors’ capacities, which gives it market

power. In such a case, the marginal value of an additional spectrum unit may increase as

a firm gets closer to being a monopoly. This effect of market power on marginal valuations

is also analyzed by Eső, Nocke, and White (2010). Assuming complete information, they

model a downstream industry where firms compete to buy capacity in an upstream Vickrey-

Clarke-Groves auction. Our approach is similar to theirs, but we allow firms to compete

in a multi-product industry and adopt the simultaneous clock auction as the mechanism

for spectrum allocation. Although the clock auction is more applicable in practice, it can

generate multiple outcomes. Therefore, we investigate the distribution of these outcomes in

our paper.

Second, potential market power in the downstream market may be of concern to a

benevolent government who also happens to be the auctioneer. Similar to the literature

on license auctions, a relationship exists between auction outcomes and market prices.5

Offerman and Potter (2000) illustrate this relationship between auctioning of entry licenses

and market prices using experiments and conclude that bidders’ valuations depend not only

on their licensed units but also on whether the remaining units are obtained by someone else

and who it will be. Similar to their work, we incorporate the downstream market into our

auction model. However, firms in our model compete in the auction not only to gain access

to the market, but also to increase their production capacity.

Finally, we model the government as both an auctioneer and a regulator, and examine

how the government’s objective function affects the optimal cap structure in the auction. A

4For example, see Kastl (2011); Hortaçsu and McAdams (2010); Mishra and Parkes (2009);
Blume, Heidhues, Lafky, and Münster (2009); Riedel and Wolfstetter (2006); Katzman (1999).

5For example, see Janssen and Karamychev (2007); Hoppe, Jehiel, and Moldovanu (2006); Janssen
(2006); Jehiel and Moldovanu (2003).
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trade-off may exist between the total surplus and the auction revenue. In fact, even if an

auction is efficient, it may result in an inefficient downstream market, where one firm wins

most of the units. In this case, the government may act as a regulator and aim to maximize

some combination of total surplus in the downstream market as well as the auction revenue.

Dana and Spier (1994) also focus on a risk-neutral government’s problem to choose who

produces in a downstream market. We consider a more general objective function, and allow

the government to be risk-neutral or risk-averse. We compute the optimal caps by using the

means and covariance matrix of the total surplus and revenue, for each possible level of caps.

The layout of the remainder of this paper is as follows. Section 2 outlines our model

for the downstream market and the auction itself. This section also discusses our solution

method. Section 3 presents our results for uncapped auctions, whereas Section 4 explores

the optimal capping decision for a regulator organizing a spectrum auction. Lastly, Section

5 concludes.

2 Model

Downstream Market

We begin by describing the telecommunications market, which we will refer to as the

downstream market throughout this paper. Suppose M firms operate in the market, which

is composed of two products: high and low data use plans (henceforth, products). Let qhi

and qli denote firm i’s output for the high and low products. Cost of production may differ

across firms as well as products. Thus, let Chi(q) and Cli(q) represent firm i’s total cost of

producing q units of the respective products.
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Inverse demand for the two products is described as follows:

Low Product: Pl = Pl (ql;βl) (1)

where ql = (ql1, ql2, . . . , qlM)

High Product: Ph = Ph (qh;βh) (2)

where qh = (qh1, qh2, . . . , qhM).

In equations (1) and (2), ql and qh are the vector of outputs for each product by all

firms, whereas βl and βh are the corresponding demand parameters. Note that if all firms’

outputs for a particular product are perfect substitutes, then one can simplify the inverse

demand functions so that price depends only on the aggregate production.6

We assume that firms are endowed with an initial allocation of legacy spectra, which we

refer to as old spectra, and denote as Bl. Meanwhile, depending on the auction outcome,

firms may win new spectrum units (Ba):

Old Spectra: Bl = (Bl1, Bl2, . . . , BlM) (3)

New Spectra: Ba = (Ba1, Ba2, . . . , BaM). (4)

Using the old and new spectra, firm i faces the following capacity constraints:

qhi ≤ θai Bai (5a)

qhi + qli ≤ θai Bai + θli Bli (5b)

qhi ≥ 0 (5c)

qli ≥ 0 (5d)

6Alternatively, one could argue that the product prices may depend on both vectors of outputs, as the
two products may be complements or substitutes. This relationship is easily incorporated into the demand
functions.
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where firm i can use new spectra to increase production of the high product, the low product,

or both. In contrast, legacy spectra only allow the firm to produce the low product. In

equations (5), θai and θli represent the marginal increase in capacity from old and new

spectra, respectively. Finally, the last two inequalities ensure non-negative production for

the two products.

We assume that firms’ initial endowments are already paid for or can be regarded as sunk

costs. Given the spectrum allocations {Bl,Ba}, one can write down firm i’s profit in the

downstream market as follows:

ΠD
i (qhi, qli, Bai,qh,−i,ql,−i,Ba,−i,Bl) =Ph (qh;βh) qhi − Chi(qhi) (6a)

+ Pl (ql;βl) qli − Cli(qli)

Πi(qhi, qli, Bai,qh,−i,ql,−i,Ba,−i,Bl, Pa) =ΠD
i (qhi, qli, Bai,qh,−i,ql,−i,Ba,−i,Bl) (6b)

− Ca(Bai, Pa)

where {qh,−i,ql,−i} represents the vector of other firms’ supply, and Ba,−i denotes the new

spectra allocated to other firms. Equation (6a) is the firm’s profit in the downstream market,

whereas the firm’s profit net of the cost of new spectra is given in equation (6b). The right-

hand side in equation (6a) is the sum of the profits from the high and low products, and the

last term in equation (6b) is the cost of new spectra, which depends on the auction price Pa.

The assumption below describes the information structure in the downstream market.

Assumption. There is complete information in the market. All the information regarding

the cost of production, the spectrum allocations, and the outputs by each firm, as well as the

demand parameters, are public information.

Assuming complete information, firms can first solve for their profits in the downstream

market, given the spectrum allocations. Then, they can enter the auction for the new spectra

using information on marginal valuations to formulate bidding strategies.
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Profit Maximization in Downstream Market

Given the spectrum allocations, we assume that the firms compete in a Cournot game

by deciding how much to produce for both high and low products. Because firm outputs for

the high and low products are limited by the capacity constraints described in equations (5),

the distribution of the new and old spectra across firms can result in market power. Before

we write down the profit maximization problem, we first describe the feasible set for firm i:

A1i = {(qhi, qli) : (qhi, qli) satisfy capacity constraints in (5) given Ba} (7)

Using the feasible set defined above, firm i’s profit maximization problem is as follows:

max
(qhi,qli)∈A1i

ΠD
i (qhi, qli, Bai,qh,−i,ql,−i,Ba,−i,Bl) (8)

where firm i chooses the outputs (qhi, qli) from the feasible set A1i, conditional on the spec-

trum allocations. Therefore, we are interested in firms’ production decisions assuming Ba

is the result of the auction. In this way, we can derive the payoffs for firms, which we then

use to solve for the auction equilibrium. We first define the equilibrium in the downstream

market.

Definition 2.1. A Nash Equilibrium in pure strategies in the Cournot game for the down-

stream market is such that given (Bl,Ba):

{q∗hi, q
∗
li}

M

i=1 solves (8); ∀ i = 1, . . . ,M.

In other words, given the equilibrium behavior of all other firms
(
q∗
h,−i,q

∗
l,−i

)
, firm i does

not find it profitable to change its production decision. Furthermore, if we assume that

demand and cost functions are differentiable, then we can solve for the Nash equilibrium
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using the following complementarity problem from (8):

∂ΠD
i (qhi, qli, ·)

∂qhi
+ ηi − (λi + µi) ≥ 0 ⊥ qhi ≥ 0; ∀i = 1, . . . ,M (9a)

∂ΠD
i (qhi, qli, ·)

∂qli
+ ξi − λi ≥ 0 ⊥ qli ≥ 0; ∀i = 1, . . . ,M (9b)

θai Bai − qhi ≥ 0 ⊥ µi ≥ 0; ∀i = 1, . . . ,M (9c)

θai Bai + θli Bli − (qhi + qli) ≥ 0 ⊥ λi ≥ 0; ∀i = 1, . . . ,M (9d)

qhi ≥ 0 ⊥ ηi ≥ 0; ∀i = 1, . . . ,M (9e)

qli ≥ 0 ⊥ ξi ≥ 0; ∀i = 1, . . . ,M (9f)

where {µi, λi, ηi, ξi} are the Lagrange multipliers on the capacity constraints given in equa-

tions (5). The complementarity problem (9) is a square problem with 6×M equations and

6×M unknowns {qhi, qli, µi, λi, ηi, ξi}
M

i=1.

Remark. The equilibrium for the capacity-constraint Cournot model in the downstream mar-

ket is unique if the demands for both high and low products are linear and the cost functions

are positive convex.

As shown by Monderer and Shapley (1996), the equilibrium in these potential games

may not be unique. However, Laye and Laye (2008) demonstrate the uniqueness of the

Cournot-Nash equilibrium in a multi-product market with linear demands, positive convex

production costs and closed convex sets of capacity constraints. For the remainder of the

paper, we assume linear demands for both high and low products and convex cost functions.

We describe the solution to the complementarity problem, and demonstrate that our problem

has closed convex constraints in appendix A.

Clock Auction for the New Spectra

We adopt a clock auction in this paper. Suppose that there are N items to be sold.

The auctioneer’s goal is to find a price such that there is no excess demand for the goods.
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We assume that the goods are homogeneous so firms’ bids consist of a quantity of spectra

at the current auction price, rather than binary bids for individual spectrum units. Let Pa

represent the current price in the auction. A clock auction works in the following way:

1. The auctioneer starts Pa at zero.

2. At the current price Pa, firms submit new bids, which cannot exceed their existing

bids:

Ba(Pa) = (Ba1(Pa), . . . , BaM(Pa))

Bai(P ) ≤ Bai(P
′); for P ≥ P ′, ∀i = 1, 2, . . . ,M.

Firms may respond to each others’ bids at the ongoing price.

3. If there is excess demand at the current price, then the auctioneer increases the price:

M∑

i=1

Bai(Pa) > N ⇒ Pa increases to Pa +∆P

4. The previous two steps are repeated until the auctioneer increases the price to P ∗
a such

that:

P ∗
a = inf

{
Pa :

M∑

i=1

Bai(Pa) ≤ N

}
.

When the auction ends, the equilibrium vector of spectrum allocation is B∗
a. Firm i pays

the auction price P ∗
a for each unit it wins. Thus, the total cost of spectra to firm i is P ∗

a B
∗
ai.

The total revenue collected by the auctioneer equals P ∗
a

∑M

i=1B
∗
ai, which may be less than

P ∗
a N , if the auction ends with an excess supply.

Discussion

Before we solve the auction in Section 2, we discuss three important features of a spectrum

auction. Specifically, we discuss the effects of market power in the downstream market,
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spectrum as a scarce resource, and the non-increasing bid structure.

Degree of Competition in the Downstream Market Even though firms are endowed

with legacy spectra, which they can use to produce the low product, only the new spectra can

be employed to provide production capacity for the high product, as modeled in equations

(5). Therefore, unless a firm wins new spectra in the auction, it cannot produce in the high

use product market. Consequently, the auction outcome affects the degree of competition

in the downstream market. For example, suppose that a single firm wins all the units in

the auction, so that the other firms are forced out of the high-product market. In this case,

the firm with all the spectra can operate as a monopolist in the high-product market. This

situation could occur if one of the firms is substantially more efficient in production, so that

it faces much lower production costs. A contrasting situation is one in which all firms are

relatively similar in terms of production costs. In this case, all firms are likely to win at least

some portion of the new spectra, which makes the downstream market an oligopoly.

Potential market power affects the marginal value of the new spectrum. When there is

no market power, the standard assumption is that additional spectrum units bring less and

less profit to a firm. Therefore, the firm has a diminishing marginal valuation for spectra.

This would be the case if the firm’s profit is a concave function of the spectra won. However,

in our case, profits are not necessarily concave in certain regions. As a graphical illustration,

we depict a firm’s profit as a function of the spectrum units won in a two firm case in Figure

1. In this example, the firm has some legacy spectra, so it generates profits despite losing

all units at the auction. The different curves in Figure 1 represent firm 1’s profits when the

auction price increases, assuming that firm 2 wins all spectra that firm 1 does not purchase.

Holding the auction winnings constant, a higher auction price will lower firms’ profits. The

circles on the curves represent the optima of the profit functions at given auction prices,

given that the number of spectrum units available is 9.

In Figure 1, winning spectrum units has two distinct benefits to the firm. First, the
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more units won, the higher the capacity to produce the high product; therefore, profit goes

up. However, this marginal increase in profit eventually declines to zero. Second, winning

more units limits the competitor’s capacity to produce the high product. In other words,

the more units won by a firm, the greater the market power held by it. Consequently, the

profit function is not concave after a certain level. As also noted by Eső, Nocke, and White

(2010), the first factor dominates for the first few units won (to enter the market), whereas

the second factor is important for the later units won (to obtain market power). When the

auction price is low, the firm aims to win all units to be a monopolist in the high use market.

However, once the auction price rises above a certain threshold, this is no longer a profitable

strategy. At this price or above, the firm shares the market with its competitor.

Spectrum as a Scarce Resource The number of units available in the spectrum auction

is fixed at N units. This is important as it makes spectrum a scarce resource. In other

words, the auctioneer (generally, the government) has a resource constraint. This resource

constraint introduces a dynamic structure to our model in the following way: at any auction

price Pa, firms aim to maximize their profits. In doing so, firms face a trade-off. On the one

hand, firms may keep their demand high to limit their opponents’ production. If firms’ bids

lead to excess demand, the auction continues for at least another round, in which case the

auction price goes up. On the other hand, if a firm drops its demand, the auction may clear

before the price increases any further. Because the firms submit their bids simultaneously,

each bidding decision in the auction is essentially a simultaneous finite state game, where

firms evaluate their own profits in both markets and decide if they would like to bid more

aggressively to constrain the other firms’ production in the high product market, or to bid

for only what they need to produce optimally. As a result, a dominant strategy may not

exist, and the firms may randomize between allowing the auction to continue, and forcing

the auction to conclude at the current price.
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Non-Increasing Bids In a clock auction, bidders are often not allowed to increase their

bid as the auction progresses. Given the dynamic setup for the auction, we update the

action set for each firm depending on what they bid at the end of the previous round. This

introduces history dependence, so firms’ latest bids from the last round are included in the

set of state variables of the dynamic problem.

Solving the Auction

We now demonstrate how to solve for the equilibrium in both markets, incorporating the

rival nature of spectra and the fact that firms cannot increase their bids, which makes the

dynamics of the auction important. We assume that the firms can only submit their bids in

discrete amounts. We list the rules for the firms’ bidding within a round as follows:

1. In each round, firms submit their bids in discrete units:

Ba = (Ba1, . . . , BaM ) ∈ {0, 1, 2, 3, . . . , N}M .

2. At the end of each round of activity, if demand for spectrum units exceeds the supply,

the price of the units is increased by an increment ∆P .

3. Within each round, firms must decide whether to lower their reported demand or not.

If multiple firms wish to lower their demand simultaneously, only one firm will succeed,

and firms are considered equally likely to succeed. We also allow sequential dropping:

if a firm drops demand by one unit, then the firm has the option to drop its demand

further before other firms react. Note that once the firm stops dropping its demand,

the other firms can react without experiencing an increase in the price.

4. A round of bidding only ends when all firms have chosen not to act.

Given our solution to the downstream market and profit structure given in equations (6),

we can calculate the payoffs that any firm receives at the end of the auction. Suppose that
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the vector Ba is the firms’ winnings at the end of the auction. Then, firm i’s profit net of

spectrum costs equals:

V̄i(Ba, Pa) = Πi(q
∗
hi, q

∗
li, Bai,q

∗
h,−i,q

∗
l,−i,Ba,−i,Bl, Pa) (10)

= ΠD
i (q

∗
hi, q

∗
li, Bai,q

∗
h,−i,q

∗
l,−i,Ba,−i,Bl)− Pa Bai

where the first term of equation (10) is the downstream profits, whereas the second term is

the cost of the spectrum units to firm i. We will refer to the value function in equation (10)

as the terminal value for firm i.

With this structure in mind, we solve the auction as a dynamic programming problem

using backward induction. We begin by considering a high level of price, and presume that

at this price, all firms would wish to exit the auction. The market will thus clear at this

stage. This results in all firms purchasing zero new spectrum units (and earning payoffs due

to producing using their existing spectrum holdings).

Equilibrium in the auction is described by two sets of numbers. The first is the equilibrium

probability that each firm drops its demand, which we collectively denote by π∗(Ba, Pa, φ),

given a particular combination of competitors’ demands, its own demand, and the current

price. The second is the expected payoff for a firm as a function of the current set of firms’

bids, the probability of dropping demand, and the current price:

{π∗
i (Ba, Pa, φ), V

∗
i (Ba, Pa, φ)}

M

i=1 .

Here the parameter φ indicates which firm, if any, has just lowered demand. To calculate

V ∗
i and π∗

i , we proceed by backward induction, working back from the terminal (high) price

of the auction. For each price level, we work through the different combinations of Ba

sequentially, beginning with cases where
∑M

i=1Bai = 0, before proceeding to cases where
∑M

i=1Bai = 1, then
∑M

i=1Bai = 2, etc. First, we define the continuation value (V̂i(Ba, Pa)),
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which is attained if no firm reduces demand at the current price:

V̂i(Ba, Pa) =





V ∗
i (Ba, Pa +∆P, 0) if

∑M

i=1Bai > N

V̄i(Ba, Pa) if
∑M

i=1Bai ≤ N.

(11)

In equation (11), the continuation value equals the terminal value (see equation (10)), if

there is no excess demand at the current price (in which case the auction ends). Otherwise,

the auction continues with a higher price. Before we define the value function for firm i

during the auction, it is important to introduce one more notation: the change in firm i’s

expected payoff due to firm j dropping its demand by one unit ∆Vij(Ba, Pa) is:

∆Vij(Baj ,Ba,−j, Pa) = V ∗
i (Baj − 1,Ba,−j, Pa, j)− V̂i(Ba, Pa) (12)

where ∆Vij(·) will only be well-defined for cases where Baj ≥ 1. Note that any reduction in

demand results in the auction moving to a new level of demand, and that the price remains

at the same level, which allows further reductions to take place.

Suppose that each firm chooses to drop its demand with probability πi, with the vector

of probabilities given by π. Then firm i’s expected payoff is given by:

Vi(Ba, Pa,π, 0) = V̂i(Ba, Pa)

+
∑

δ1,...,δM∈{0,1}M

δ1+...+δM 6=0
δ1≤Ba1,...,δM≤BaM

{[
M∏

k=1

πδk
k (1− πk)

1−δk

][∑M

j=1∆Vij(Ba, Pa) δj∑M

j′=1 δj′

]}
(13)

where δi is a binary variable that represents whether firm i drops its demand or not. The

case φ = 0 implies that no firm has just lowered demand, so each firm that aims to drop

demand is equally likely to do so successfully. In equation (13), the first term is the case

where no firm drops demand, whereas the second term (starting with the summation) is

the case where at least one firm drops demand. In particular, the first component in the

15



Auctioning the Digital Dividend Daglish, Ho and Sağlam (2012)

summation is the probability of seeing a given combination of firms trying to drop their

demand, while the final fraction weights the change in firm i’s expected payoff from each

demand reduction by the probability that each succeeds, conditional upon trying.

If firm m has just dropped its demand by 1 (and therefore can drop further units before

its competitors can react), then firm i’s current valuation is:

Vi(Ba, Pa,π, m) =V̂i(Ba, Pa) + πm ∆Vim(Ba, Pa) (14)

+ (1− πm)
(
V ∗
i (Ba, Pa, 0)− V̂i(Ba, Pa)

)

where equation (13) can be seen to be a special case of (14) where we define π0 = 0.

Given the current valuation, if firm i follows a mixed strategy, then it is indifferent

between lowering its own demand and maintaining it at the current level:

Vi(Ba, Pa, πi = 1,π−i, φ) = Vi(Ba, Pa, πi = 0,π−i, φ). (15)

Next, we define the mixed-strategy Nash equilibrium using the system of equations (15).

Definition 2.2. Nash Equilibrium in mixed strategies for the downstream market and the

auction with discrete bidding is such that given (Ba, Pa, φ), for each firm i, there exists a

probability π∗
i (Ba, Pa, φ) that maximizes firm i’s expected payoff:

Vi(Ba, Pa, π
∗
i (Ba, Pa, φ),π

∗
−i(Ba, Pa, φ), φ) (16)

≥ Vi(Ba, Pa, ρi,π
∗
−i(Ba, Pa, φ), φ); ∀ρi ∈ [0, 1]; ∀i = 1, . . . ,M. (17)

The value function for each firm is given by

V ∗
i (Ba, Pa, φ) = Vi(Ba, Pa,π

∗(Ba, Pa, φ), φ).
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Solving for π∗(Ba, Pa, φ) implies solving a system of equations, each of which is repre-

sented by (16) with the inequality binding, for each of the firms who is following a mixed

strategy.7 We explain our solution procedure in Appendix B.

3 Results

As a numerical example, we focus on a scenario whose parameters are given in Table 1.

Some comments regarding this choice of numbers are in order. We have chosen to consider

an auction with M = 3 firms over N = 9 units. Three firms are sufficient to avoid the

singular feature of the two firm case: that spectra not won by a firm are necessarily either

won by its one competitor or unused. With three firms, a firm who does not buy a particular

spectrum unit may be uncertain as to which of its competitors will win the unit. The nine-

unit auction is also interesting, because it avoids possible problems where the number of

units is not divisible by the number of firms.

With three symmetric firms, it is possible for each firm to win three units of spectrum.

With three firms and 9 units, there are 1, 000 bid combinations at a given price. We assume

$0.1 price increments from $0 to $7; this generates 70, 000 combinations and 280, 000 finite

state games if we condition on which firm dropped its bid last.8

With our set of base case parameters, we consider nine scenarios that provide some insight

into the workings of a spectrum auction. Each scenario is a slight variation of the benchmark

model, which assumes parameter values given in Table 1. These scenarios are summarized

in Table 2. Scenarios 0–3 focus on the effect of production inefficiencies among a triopoly

7We solve this system of equations using Newton’s method. It is helpful to note that

∂Vi(Ba, Pa,π, 0)

∂πn

=
∑

δ1,...,δM∈{0,1}M

δ1+...+δM 6=0

δ1≤Ba1,...,δM≤BaM

(2δn − 1)



∏

k 6=n

πδk
k (1− πk)

1−δk



[∑M

j=1
∆Vij(Ba, Pa) δj
∑M

j′=1
δ′j

]
.

8We choose an upper bound of $7, since this is sufficiently high that even if its competitors were bidding
0 units, a firm would not buy a single spectrum unit.
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market. Scenario 4 (5) focuses on a duopoly that faces entry by a single firm; this entrant is

an (in)efficient producer in the high product market. Finally, Scenarios 6 and 8 investigate

the effect of two potential entrants (efficient or inefficient) into a monopoly market.

Scenario 0 presents our base case: all firms are incumbents and symmetric. Table 3

displays the equilibrium outcomes, which include the price and allocation of the spectrum at

the end of the auction, the price and output produced in the high product market, as well as

the total surplus and auction revenue. The average spectrum obtained by any firm is around

1.35 units, while the auction clears at an average price of $1.54 per unit. If sold, the spectrum

units are fully utilized, so the total output in the high product market is generally 4 units,

although there is some probability of the auction clearing at $3, with only 3 units being

sold. Notice that since the firms are symmetric, the average spectrum, and hence the profit,

is identical across the three firms. Although the solution is symmetric in expectation, each

auction outcome results in an asymmetric allocation of spectrum, with one firm obtaining 2

units and holding market power.

In Scenario 1, firm 1 is less efficient than firms 2 and 3. According to Table 4, the auction

results in two possible outcomes, in both of which one of the two efficient firms (i.e. firms 2

and 3) obtains 2 units and holds market power, while firm 1 and the other efficient firm win

only one spectrum unit. Consequently, firms 2 and 3 produce more, on average, than firm 1.

Less competition between firms (along with a less efficient industry) leads to lower auction

revenue and lower total surplus relative to Scenario 0.

In Scenario 2, where firms 1 and 2 are inefficient producers in the high product market,

we see that inefficient producers can hold up the market, preventing the efficient firm from

obtaining more units (see Table 5). In fact, the auction is neither effective nor efficient, as it

clears at zero price, and the efficient firm (i.e. firm 3) wins only one unit. The main reason for

this outcome is the trade-off for the efficient firm: on the one hand, it can increase the price

to obtain more units and force the inefficient firms to either exit the market or settle with

less units. On the other hand, doing so increase the spectrum price, which offsets its profits.
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In Scenario 1, we saw that if there are two efficient firms, they can limit the inefficient firm’s

winnings at a low price (auction clears at $0.9 in Scenario 1), and capture market power. In

Scenario 2, though, firm 3 is the only efficient firm, and driving out two inefficient firms is

too costly. As a result, the inefficient firms obtain 3.5 units on average, but utilize only 1.5

units. The efficient firm has higher profits (than the inefficient firms) due to efficiency, but

not due to market power.

Scenario 3 has 3 symmetric but inefficient producers (see Table 6). In this case, the

auction collapses and the firms share the spectrum at zero price. Each firm obtains 2.5

units on average. Total surplus is the lowest of all the cases so far (reflecting the inefficient

industry), and the regulator collects no auction revenue.

Scenarios 4–5 cover the case where one firm (firm 1) is an entrant, so it has no legacy

spectrum. Since firm 1 could use spectrum both in the low and high product markets, this

provides an incentive for firms 2 and 3 to bid aggressively in the auction. In Table 7, the

incumbent firms 2 and 3 increase the auction price to discourage firm 1 from attaining more

than one unit, which firm 1 then utilizes solely in the high product market. As a result,

firms 2 and 3 may end up winning more spectrum than needed, even though up to 2.5 units

are needed for production by any firm. Despite being an entrant, firm 1 is still efficient in

production, therefore the total surplus is higher (i.e. 31.9 compared to 31.4 in Scenario 0),

while the auction revenue is lower. If firm 1 is an inefficient entrant (Scenarios 5; Table 8),

then there is some probability firm 1 will not win any spectrum. This leads to higher total

surplus in the market but lower revenue.

Scenarios 6–8 focuses on the cases where there are two potential entrants (firms 1 and

2). If both entrants are efficient producers (see Table 9), then firm 3 can effectively prevent

either from obtaining a second unit, thus dominating the market with two units. If only one

entrant is efficient (see Table 10), the incumbent can obtain as many units as it would like at

zero price as long as each entrant is allowed one unit. Firm 1 is inefficient, so only partially

utilizes the spectrum unit (firm 1 output is 0.33 units). Firm 2 (efficient) fully utilizes its
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unit. When both entrants are inefficient (see Table 11), as in Scenario 6, we see the inefficient

entrants hold up the market so that all three firms win 2 units. Compared to Scenario 2,

the auction price stays low, but this improves welfare as firms 1 and 2 have greater need for

the spectrum unit (i.e. to produce in the low product market, increasing competition there).

Firms 1 and 2 utilize part of the spectrum (1.2 units) in the high product market and the

rest (0.8 units) in the low product market.

4 Regulation through Caps

Although an auctioneer generally aims to maximize revenue in an auction, a Regulator

tasked with running a spectrum auction may also take into account total surplus in the

downstream market generated through the allocation of spectra. In particular, the Regulator

may face a trade-off between the auction revenue and the total surplus. For example, suppose

that one of the firms is substantially more efficient; then this firm may increase the price high

enough to win all the units. While selling all units at a high price is quite desirable as an

auctioneer, the Regulator may find that the firm becomes a monopolist in the downstream

market, which decreases the total surplus. As a result, the Regulator may decide to intervene

in the auction by setting caps, which stipulate the maximum number of units each firm can

win in the auction.

Given that our solution technique works recursively backwards from high prices and

low demand to low prices and high demand, we model caps by starting the auction with

participants bidding demands that do not equal the total number of units available in the

market but rather equal the cap set by the government for each firm. For each combination

of starting bids, it is possible to evaluate the distribution of auction clearing bids. These

allow us to calculate the distribution of Total Surplus and Revenue if demand and supply

parameters are known with certainty.

If the Regulator faces uncertainty regarding demand and supply parameters, we can
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evaluate the moments of Total Surplus and Revenue as follows:

E(TS|Ba) =
∑

ω∈Ω

ψωE
(
TSω|Ba

)
(18)

E(R|Ba) =
∑

ω∈Ω

ψωE
(
Rω|Ba

)
(19)

V(TS|Ba) =
∑

ω∈Ω

ψω(V
(
TSω|Ba

)
+ E

(
TSω|Ba)

2
)
− E(TS|Ba)

2 (20)

V(R|Ba) =
∑

ω∈Ω

ψω(V
(
Rω|Ba

)
+ E

(
Rω|Ba)

2
)
− E(R|Ba)

2 (21)

Cov(TS,R|Ba) =
∑

ω∈Ω

ψω(Cov
(
TSω, Rω|Ba

)
+ E

(
TSω|Ba

)
E
(
Rω|Ba

)

−E(TS|Ba)E(R|Ba), (22)

where Ω denotes the set of possible states that demand and supply parameters may take,

and ψω is the probability that state ω ∈ Ω occurs. Ba denotes the vector of caps set by the

Regulator for the firms.

The Regulator optimally chooses a cap structure for the auction depending on his/her

objective function, which we define as follows:

max
Ba≥0

E
(
α1 TS + α2 R | Ba

)
+ α3 V

[
α1 TS + α2 R | Ba

]
(23)

where E(·) and V(·) represent the mean and the variance of the relevant variables, respec-

tively, evaluated using (18-22). The terms TS and R represent the total surplus in the down-

stream market and the auction revenue respectively. The first term in equation (23) is the

weighted average of the expected total surplus and revenue, and the last term is the variance

of this weighted sum. This objective function generalizes the one used in Dana and Spier

(1994), and allows the Regulator to be risk-neutral (when α3 = 0) or risk-averse (when

α3 < 0).

For our numerical example, we focus on a Regulator who is risk averse, and concerned

with a combination of Revenue maximisation and Total Surplus maximisation: α1 = 0.5,
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α2 = 0.5, α3 = 1. We consider firms to differ in terms of marginal cost. Efficient firms have

unit marginal cost, while inefficient firms have marginal cost of three. The Regulator does

not know which firms are efficient, but does know the probabilities of firms being efficient.

Using our results from Section 3, we explore three scenarios. In the first scenario (see

Table 12), three incumbent firms compete in the market. However, each has a different

technology available to exploit the Spectra won. The Regulator faces uncertainty as to

which firms can efficiently exploit the spectrum. When the firms are relatively efficient (all

have 50% or 90% probability of being efficient), the Regulator chooses to assign three units

of spectrum ot each firm. This generates zero revenue, but ensures a competitive market,

albeit at the expense of inefficient firms potentially being assigned spectrum that they may

not use.

In contrast, when some firms have a high probability of being inefficient (probabilities of

10% of being efficient) the Regulator favours them in its capping policy. For example, when

firm 1 has a 10% probability of being efficient, and firms 2 and 3 have a 50% probability

of being efficient, the Regulator assigns a cap of 6 to firm 1, and a cap of 2 to the other

firms. This is likely to result in lower total surplus, but because an inefficient firm 1 will

want to hold up the market, results in higher Revenue. Further, because an efficient firm 1

will result in higher Total Surplus, the Regulator faces negative covariance between revenue

and total surplus. Effectively, by favouring firm 1, the Regulator has hedged his/her risks

between Total Surplus and Revenue. Similar behaviour is exhibited when both firms 2 and

3 have 10% probability of being efficient.

In the second scenario (see Table 13), two duopolists are present in the market. The

Regulator knows that they can make efficient use of Spectra from the auction. However,

a new entrant to the market (who currently lacks legacy Spectra) has uncertain costs. If

the new entrant is efficient, it may be desirable for the Regulator to use caps to encourage

it. However, if the entrant is inefficient, the Regulator may prefer to see efficient use of the

Spectra available, at the expense of firms exercising market power. Here if the entrant is
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relatively weak (probability 10% or 50% of being efficient) the Regulator assigns a tight cap

on the entrant. This achieves two things: first, it encourages the incumbents to run up the

price, and secondly, it avoids spectrum being assigned to a potentially inefficient firm. In

contrast, when firm 1 has 90% probability of being efficient, the Regulator is more generous,

and assigns a cap to firm 1 that is at least as large as he/she assigns to the incumbents.

Lastly, we consider a case of a monopoly market facing two entrants. Again, the Regulator

knows the incumbent is efficient, but is uncertain as to the Marginal Costs of the entrants

(see Table 14). Similar to the previous case, a weak pair of entrants will be given low

caps, while strong entrants (90% probability of being efficient) will be rewarded with more

favourable caps to promote competition in the market. Interestingly, when one entrant is

strong (90% probability of being efficient) and the other is weak (50% probability of being

efficient) the Regulator raises both of their caps relative to the case where both are weak.

With the incumbent and one strong entrant, prices are liable to be high, and it is unlikely if

firm 2 proves to be inefficient that it will win many units of Spectrum. In contrast, if firm 2

is efficient, then the Regulator may achieve a triopoly in the market, leading to high Total

Surplus, along with high Revenue from the auction.

5 Conclusion

In this paper, we explore a multi-unit auction in which market participants use the

auction units to provide services in a downstream market. Winning large quantities in the

auction allows a participant to wield considerable power in the downstream market. We find

that more efficient firms (or incumbent firms) are able to win more units than less efficient

firms or entrants.

With a general objective function for the government, we analyze the effect of spec-

trum caps in regulating auctions to enhance competition for wireless services. An uncapped

auction is unlikely to induce a market structure favorable to either social welfare or auction-
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eer’s revenue. Therefore, Regulator intervention by spectrum caps is almost always desirable.

Regulators who are particularly concerned with revenue maximization will find that favoring

firms interested in holding up the market through auction setup (with loose capping of their

bidding) can result in sizable revenue capture. In contrast, in many cases, a social-welfare

maximizing Regulator will find that better outcomes can be achieved by simply assigning

spectra to firms, than by allowing an auction to run.

Our model could explain some outcomes of digital dividend auctions that have taken

place already. A recent example is the Australian digital dividend auction in May 2013.

The Australian auction started with 9 units (as in our numerical examples) and featured

two firms with large quantities of legacy spectra competing against a firm with a smaller

endowment. The auction ended at a low price equal to the reserve price ($311,067,000) with

the low endowment firm winning no units, and not all spectrum being sold. We consider

a similar case in Scenario 5 where one firm has no legacy spectrum. In our example, the

auction cleared at a low price relative to the price in the benchmark scenario, and the two

incumbents forced the entrant to win only a single unit.
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Appendix

A An Example of Linear Demand and Quadratic Costs

Suppose that the demand for both products are linear and firms have quadratic costs:

Px =ax − bx Qx = ax − bx

M∑

i=1

qxi; ∀x = h, l

Cxi =cxi qxi + dxi q
2
xi; ∀i = 1, . . . ,M, ∀x = h, l

We can write the Lagrangian function as follows:

Li =Ph qhi + Pl qli − Cli(qli)− Chi(qhi)+

λi (θai Bai + θli Bli − qhi − qli) + µi (θai Bai − qhi) + ηi qhi + ξi qli.

Therefore, the Cournot-Nash equilibrium (CNE) in the downstream market is the solution

to the complementarity problem described in equations (9), where ∀i = 1, . . . ,M :

Ph − bh qhi − (chi + 2dhiqhi) + ηi − (λi + µi) ≥ 0 ⊥ qhi ≥ 0 (24a)

Pl − bl qli − (cli + 2dliqli) + ξi − λi ≥ 0 ⊥ qli ≥ 0 (24b)

θai Bai − qhi ≥ 0 ⊥ µi ≥ 0 (24c)

θai Bai + θli Bli − (qhi + qli) ≥ 0 ⊥ λi ≥ 0 (24d)

qhi ≥ 0 ⊥ ηi ≥ 0 (24e)

qli ≥ 0 ⊥ ξi ≥ 0. (24f)

We can classify firm i’s behavior into one of several cases:

1. ηi = 0 (qhi > 0) and ξi = 0 (qli > 0). This case consists of 4 sub-cases: λi > 0 and

µi > 0; λi > 0 and µi = 0; λi = 0 and µi > 0; λi = 0 and µi = 0.
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2. ηi > 0 (qhi = 0) and ξi = 0 (qli > 0): in this case, qhi = 0 ≤ θhi Bhi, hence µi = 0. We

consider two sub-cases: λi > 0 or λi = 0

3. ηi = 0 (qhi > 0) and ξi > 0 (qli = 0). We consider two sub-cases: µi = 0 or µi > 0 as

qhi ≤ θhi Bhi ≤ θhi Bhi + θli Bli, we have λi = 0 in both sub-cases.

4. ηi > 0 (qhi = 0) and ξi > 0 (qli = 0). As qhi = 0 ≤ θhi Bhi and qli = 0 ≤ θhi Bhi+θli Bli,

we have λi = 0 and µi = 0.

Therefore, we have 9 cases in total. Clearing the market consists of solving the combined

complementarity problems of all M firms. This can be efficiently solved using an active

constraints approach.

The sets of capacity constraints in our model are closed and convex, and hence the

Cournot-Nash equilibrium in the downstream market is unique (see Laye and Laye (2008)).

To see this, let the set of capacity constraints faced by each firm i be Si = {qi ∈ R
2|qhi ≥

0; qli ≥ 0; qhi ≤ θaiBai; qhi + qli ≤ θaiBai + θliBli}. For all q′i and q
′′
i in Si and all t in [0, 1],

consider q′′′i = tq′i + (1− t)q′′i . q
′′′
i is non-negative and:

q′′′hi ≡ t q′hi + (1− t) q′′hi ≤ t θaiBai + (1− t) θaiBai = θaiBai

q′′′hi + q′′′li ≡ t (q′li + q′hi) + (1− t) (q′′li + q′′hi)

≤ t (θliBli + θaiBai) + (1− t) (θliBli + θaiBai) = θliBli + θaiBai

⇒ q′′′i ∈ Si

Thus Si is a closed convex set.

B Solving the Finite State Game

At each state, which is described by an auction price and a vector of current bids, each

firm decides whether to drop its demand by one unit or not, given others’ actions. Let F
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denote the set of players (firms) and each player has only two actions (drop and not drop).

We describe the pseudo-algorithm below to solve the finite state games:

i) Check for active players: let F0 denote the set of players with zero current bids. The

set of active players is: F1 = F\F0

ii) For each player in F1, check if there is a dominant strategy. Let F̄ denote the set of

such players with a dominant strategy. The set of players who could play a mixed

strategy is F2 = F1\F̄ .

iii) For the players in F2, solve for the mixed-strategy Nash equilibrium (MSNE) in two

ways:

a) Root-finding method: Compute the roots of the system of non-linear equations

(15), and check if the root (i.e. probability of dropping {πi}i∈F2
) satisfies the

following condition: πi ∈ (0, 1), ∀i ∈ F2

b) Non-linear Optimization Method: If the root-finding method does not reveal a

solution that satisfies the condition, then solve the nonlinear Nash equilibrium

constrained optimization problem, with a predefined set of initial conditions.

iv) If the two methods in iii) do not yield an MSNE, look for pure-strategy Nash equilib-

rium (PSNE).

a) If there is a single PSNE, then accept it as the solution to the game;

b) If there are multiple PSNEs, then we rank them according to their risk measure

(Carlsson and van Damme (1993)): Rj =
∏F2

i=1(Psij −Ps′ij
) where sij is the strat-

egy played in PSNE j and s′ij is the one-step deviation from sij for player i. The

risk measure Rj for PSNE j is the product of the difference between equilibrium

payoff (Psij) and the corresponding one-step deviations (Ps′ij
). The PSNE with

the highest risk measure is the solution to the game. If multiple PSNEs have

identical risk measures, we assume they occur with equal probability.
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v) If no MSNE or PSNE are found in iii) and iv), then look for a semi-mixed solution

where some players are constrained to play pure strategies and others are allowed to

play mixed strategies. For each combination, we check whether the outcome is a Nash

equilibrium, and assume that each occurs with equal probability.

C An Example of Non-Monotonicity

Consider a two-player game where at some ongoing price, two firms each decide whether

to drop their bid of one unit to zero units. The respective payoffs in each case are described

as a 2x2 game in normal form:
Game 1:

Firm 2 does not drop Firm 2 drops

Firm 1 does not drop 1.62, 1.62 2.62, 1.92

Firm 1 drops 1.92, 2.62 2.27, 2.27

If both firms decide to drop, then a firm is randomly selected to drop first (with coin flip)

so that the payoff for the strategy pair (drop,drop) is the average of the pairs (no drop, drop)

and (drop, no drop). If neither firm drops, then the high-product market is not profitable

at the auction price ($1.62 for each firm). If only one firm chooses to drop, then that firm’s

profit is derived solely from the low-product market, while the other firm enjoys being a

monopoly in the high-product market, as well as earning low product profits.

It is clear that the two firms play a mixed-strategy Nash equilibrium in this game. The

equilibrium probability of dropping demand is 0.4615 for both firms (because they are sym-

metric). The expected payoff in this game equals $2.0815 for each firm.
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Game 2: Now, let firm 1 have a higher marginal cost for the high product (i.e., MCh1 =

1.1 and MCh2 = 1). The state-dependent payoffs for both firms are as follows:

Firm 2 does not drop Firm 2 drops

Firm 1 does not drop 1.52, 1.62 2.52, 1.92

Firm 1 drops 1.92, 2.62 2.22, 2.27

Note that firm 1’s payoffs in each state are less than or equal to its payoffs in game 1. To

have a mixed-strategy Nash equilibrium, firm 2 has to make firm 1 indifferent. Because firm

1’s payoffs from dropping have fallen by less than its payoff from not dropping (relative to

Game 1), firm 2 increases its probability of dropping. As a result, the equilibrium probability

of dropping demand is (0.4615, 0.5714) for firms 1 and 2, respectively. The corresponding

expected payoffs for firms 1 and 2 are (2.0914, 2.0815), which shows a higher expected payoff

for firm 1 than before, despite the increase in its marginal cost.
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Tables
Symbol Value(s) Explanation

N 9 Number of units auctioned
M 3 Number of firms
ah 9 Choke price in the high-product market
al 5 Choke price in the low-product market
bh 1 slope of the demand curve for the high product
bl 1 slope of the demand curve for the low product
ch (1, 1, 1) linear part of the cost of production of the high product
cl (1, 1, 1) linear part of the cost of production of the low product
dh (0, 0, 0) quadratic part of the cost of production of the high product
dl (0, 0, 0) quadratic part of the cost of production of the low product
θa (1, 1, 1) marginal increase in capacity for the new spectra
θl (1, 1, 1) marginal increase in capacity for the legacy spectra
Bl (2, 2, 2) endowment of legacy spectra
∆P 0.1 price increment in auction

Table 1: Parameters for the benchmark model (see scenario 0 in table 3)

Note: All other scenarios are perturbations of these parameter values.

Scenario Characteristics
0 Benchmark Model: All firms are incumbents and efficient.
1 Firm 1 is inefficient: ch1 = 3.
2 Firms 1 and 2 are inefficient: ch1 = ch2 = 3.
3 All three firms are inefficient: ch1 = ch2 = ch3 = 3.
4 Firm 1 is an entrant: Bl1 = 0.
5 Firm 1 is an inefficient entrant: Bl1 = 0, ch1 = 3.
6 Firms 1 and 2 are entrants: Bl1 = Bl2 = 0.
7 Firms 1 and 2 are entrants and Firm 1 is inefficient: Bl1 = Bl2 = 0, ch1 = 3.
8 Firms 1 and 2 are inefficient entrants: Bl1 = Bl2 = 0, ch1 = ch2 = 3.

Table 2: Scenarios

Note: Perturbations to the parameters outlined in table 1 to generate the scenarios for section 3. The
parameter chi is firm i’s linear part of the marginal cost of producing high product. The endowment for
legacy spectrum is denoted by Bl.
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Probability Ba1 Ba2 Ba3 Pa Qh1 Qh2 Qh3 Ph TS Rev

1 0.20316 1 1 2 1.1 1 1 2 5 31.5 4.4
2 0.20316 1 2 1 1.1 1 2 1 5 31.5 4.4
3 0.20316 2 1 1 1.1 2 1 1 5 31.5 4.4
4 0.070809 1 2 1 2 1 2 1 5 31.5 8
5 0.070809 1 1 2 2 1 1 2 5 31.5 8
6 0.070809 2 1 1 2 2 1 1 5 31.5 8
7 0.024589 1 1 1 3 1 1 1 6 27 9
8 0.0088231 2 1 1 2.5 2 1 1 5 31.5 10
9 0.0088231 1 2 1 2.5 1 2 1 5 31.5 10

10 0.0088231 1 1 2 2.5 1 1 2 5 31.5 10
11 0.0081962 2 1 1 3 2 1 1 5 31.5 12
12 0.0081962 1 2 1 3 1 2 1 5 31.5 12
13 0.0081962 1 1 2 3 1 1 2 5 31.5 12
14 0.0055423 0 2 1 3 0 2 1 6 27 9
15 0.0055423 0 1 2 3 0 1 2 6 27 9
16 0.0055423 2 0 1 3 2 0 1 6 27 9
17 0.0055423 2 1 0 3 2 1 0 6 27 9
18 0.0055423 1 0 2 3 1 0 2 6 27 9
19 0.0055423 1 2 0 3 1 2 0 6 27 9
20 1 1.3409 1.3409 1.3409 1.5413 1.3308 1.3308 1.3308 5.0075 31.4038 6.1364

Table 3: Scenario 0/Benchmark model: All firms are incumbents and symmetric.

Note: All three firms are as given in the base case (Table 1). Each row represents a possible outcome for this
auction. Columns represent (in order) probability of the outcome occurring, allocations to the three firms,
price for the outcome in question, quantity produced and price in the high product market, total surplus,
and finally revenue. Outcomes with probability of less than 1e×−3 are not displayed in the table.

Probability Ba1 Ba2 Ba3 Pa Qh1 Qh2 Qh3 Ph TS Rev

1 0.5 1 2 1 0.9 1 2 1 5 29.5 3.6
2 0.5 1 1 2 0.9 1 1 2 5 29.5 3.6
3 1 1 1.5 1.5 0.9 1 1.5 1.5 5 29.5 3.6

Table 4: Scenario 1: All firms are incumbents, while Firm 1 is inefficient ch1 = 3 > ch2 =
ch3 = 1.

Note: All three firms are as given in the base case (Table 1), but firm 1 is inefficient in this case. Each
row represents a possible outcome for this auction. Columns represent (in order) probability of the outcome
occurring, allocations to the three firms, price for the outcome in question, quantity produced and price in
the high product market, total surplus, and finally revenue. Outcomes with probability of less than 1e×−3
are not displayed in the table.
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Probability Ba1 Ba2 Ba3 Pa Qh1 Qh2 Qh3 Ph TS Rev

1 0.25 7 1 1 0 2 1 1 5 25.5 0
2 0.25 1 7 1 0 1 2 1 5 25.5 0
3 0.125 6 1 1 0 2 1 1 5 25.5 0
4 0.125 1 6 1 0 1 2 1 5 25.5 0
5 0.0625 5 1 1 0 2 1 1 5 25.5 0
6 0.0625 1 5 1 0 1 2 1 5 25.5 0
7 0.03125 4 1 1 0 2 1 1 5 25.5 0
8 0.03125 1 4 1 0 1 2 1 5 25.5 0
9 0.015625 2 1 1 0 2 1 1 5 25.5 0

10 0.015625 3 1 1 0 2 1 1 5 25.5 0
11 0.015625 1 2 1 0 1 2 1 5 25.5 0
12 0.015625 1 3 1 0 1 2 1 5 25.5 0
13 1 3.5156 3.5156 1 0 1.5 1.5 1 5 25.5 0

Table 5: Scenario 2: All firms are incumbents, while Firms 1 and 2 are inefficient ch1 = ch2 =
3 > ch3 = 1.

Note: All three firms are as given in the base case (Table 1), but firms 1 and 2 are inefficient in this case.
Each row represents a possible outcome for this auction. Columns represent (in order) probability of the
outcome occurring, allocations to the three firms, price for the outcome in question, quantity produced and
price in the high product market, total surplus, and finally revenue. Outcomes with probability of less than
1e×−3 are not displayed in the table.

Probability Ba1 Ba2 Ba3 Pa Qh1 Qh2 Qh3 Ph TS Rev

1 0.20471 2 2 2 0 1.5 1.5 1.5 4.5 24.375 0
2 0.068236 2 2 3 0 1.5 1.5 1.5 4.5 24.375 0
3 0.068236 2 3 2 0 1.5 1.5 1.5 4.5 24.375 0
4 0.068236 3 2 2 0 1.5 1.5 1.5 4.5 24.375 0
5 0.066167 2 2 4 0 1.5 1.5 1.5 4.5 24.375 0
6 0.066167 4 2 2 0 1.5 1.5 1.5 4.5 24.375 0
7 0.066167 2 4 2 0 1.5 1.5 1.5 4.5 24.375 0
8 0.051551 2 2 5 0 1.5 1.5 1.5 4.5 24.375 0
9 0.051551 5 2 2 0 1.5 1.5 1.5 4.5 24.375 0

10 0.051551 2 5 2 0 1.5 1.5 1.5 4.5 24.375 0
11 0.026928 2 4 3 0 1.5 1.5 1.5 4.5 24.375 0
12 0.026928 2 3 4 0 1.5 1.5 1.5 4.5 24.375 0
13 0.026928 3 2 4 0 1.5 1.5 1.5 4.5 24.375 0
14 0.026928 4 2 3 0 1.5 1.5 1.5 4.5 24.375 0
15 0.026928 4 3 2 0 1.5 1.5 1.5 4.5 24.375 0
16 0.026928 3 4 2 0 1.5 1.5 1.5 4.5 24.375 0
17 0.023435 2 3 3 0 1.5 1.5 1.5 4.5 24.375 0
18 0.023435 3 2 3 0 1.5 1.5 1.5 4.5 24.375 0
19 0.023435 3 3 2 0 1.5 1.5 1.5 4.5 24.375 0
20 1 2.5692 2.5692 2.5692 1.2276e-14 1.5 1.5 1.5 4.5 24.375 7.3658e-14

Table 6: Scenario 3: All firms are incumbents and are all inefficient ch1 = ch2 = ch3 = 3.

Note: All three firms are as given in the base case (Table 1), but all three firms are inefficient in this case.
Each row represents a possible outcome for this auction. Columns represent (in order) probability of the
outcome occurring, allocations to the three firms, price for the outcome in question, quantity produced and
price in the high product market, total surplus, and finally revenue. Outcomes with probability of less than
1e×−3 are not displayed in the table.
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Probability Ba1 Ba2 Ba3 Pa Qh1 Qh2 Qh3 Ph TS Rev

1 0.48631 1 2 1 1.1 1 2 1 5 31.1111 4.4
2 0.48631 1 1 2 1.1 1 1 2 5 31.1111 4.4
3 0.0048405 1 2 1 1.2 1 2 1 5 31.1111 4.8
4 0.0048405 1 1 2 1.2 1 1 2 5 31.1111 4.8
5 0.0045701 1 2 3 1.1 1 2 2.5 3.5 35.9861 6.6
6 0.0045701 1 3 2 1.1 1 2.5 2 3.5 35.9861 6.6
7 0.0028944 1 2 2 1.1 1 2 2 4 34.6111 5.5
8 0.0016487 1 2 4 1.1 1 2 2.5 3.5 35.9861 7.7
9 0.0016487 1 4 2 1.1 1 2.5 2 3.5 35.9861 7.7

10 1 1 1.5198 1.5198 1.101 1 1.5124 1.5124 4.9752 31.1924 4.4479

Table 7: Scenario 4: Firm 1 is an entrant and Firms 2 and 3 are incumbents bo1 = 0 < bo2 =
bo3 = 2. All three firms are efficient ch1 = ch2 = ch3 = 1.

Note: All three firms are as given in the base case (Table 1), but Firm 1 is an efficient entrant in this case.
Each row represents a possible outcome for this auction. Columns represent (in order) probability of the
outcome occurring, allocations to the three firms, price for the outcome in question, quantity produced and
price in the high product market, total surplus, and finally revenue. Outcomes with probability of less than
1e×−3 are not displayed in the table.

Probability Ba1 Ba2 Ba3 Pa Qh1 Qh2 Qh3 Ph TS Rev

1 0.17557 1 6 2 0 0.35294 2.8235 2 3.8235 34.6834 0
2 0.17557 1 2 6 0 0.35294 2 2.8235 3.8235 34.6834 0
3 0.087786 1 5 2 0 0.35294 2.8235 2 3.8235 34.6834 0
4 0.087786 1 2 5 0 0.35294 2 2.8235 3.8235 34.6834 0
5 0.069636 0 2 1 2.6 0 2 1 6 26.6111 7.8
6 0.069636 0 1 2 2.6 0 1 2 6 26.6111 7.8
7 0.050824 1 1 1 2.6 1 1 1 6 24.6111 7.8
8 0.043893 1 3 2 0 0.35294 2.8235 2 3.8235 34.6834 0
9 0.043893 1 4 2 0 0.35294 2.8235 2 3.8235 34.6834 0

10 0.043893 1 2 3 0 0.35294 2 2.8235 3.8235 34.6834 0
11 0.043893 1 2 4 0 0.35294 2 2.8235 3.8235 34.6834 0
12 0.020821 0 3 3 0.1 0 2.6667 2.6667 3.6667 35.5556 0.6
13 0.016155 0 2 2 1.1 0 2 2 5 31.1111 4.4
14 0.011631 0 3 3 0.2 0 2.6667 2.6667 3.6667 35.5556 1.2
15 0.0093779 0 3 3 0.3 0 2.6667 2.6667 3.6667 35.5556 1.8
16 0.0072532 0 3 3 0.4 0 2.6667 2.6667 3.6667 35.5556 2.4
17 0.0067698 0 2 2 2.6 0 2 2 5 31.1111 10.4
18 0.0046215 1 3 3 0 0.25 2.5833 2.5833 3.5833 35.5764 0
19 0.0030643 0 3 3 0 0 2.6667 2.6667 3.6667 35.5556 0
20 1 0.77627 3.0792 3.0792 0.5506 0.30653 2.2202 2.2202 4.253 33.0221 1.7475

Table 8: Scenario 5: Firm 1 is an entrant and Firms 2 and 3 are incumbents bo1 = 0 < bo2 =
bo3 = 2. Firm 1 is efficient ch1 = 3 > ch2 = ch3 = 1.

Note: All three firms are as given in the base case (Table 1), but Firm 1 is an inefficient entrant in this
case. Each row represents a possible outcome for this auction. Columns represent (in order) probability of
the outcome occurring, allocations to the three firms, price for the outcome in question, quantity produced
and price in the high product market, total surplus, and finally revenue. Outcomes with probability of less
than 1e×−3 are not displayed in the table.

33



Auctioning the Digital Dividend Daglish, Ho and Sağlam (2012)

Probability Ba1 Ba2 Ba3 Pa Qh1 Qh2 Qh3 Ph TS Rev

1 1 1 1 2 1.1 1 1 2 5 30 4.4
2 1 1 1 2 1.1 1 1 2 5 30 4.4

Table 9: Scenario 6: Firms 1 and 2 are entrants and Firm 3 is an incumbent bo1 = bo2 = 0 <
bo3 = 2. All three firms are efficient ch1 = ch2 = ch3 = 1.

Note: All three firms are as given in the base case (Table 1), but Firms 1 and 2 are efficient entrants in this
case. Each row represents a possible outcome for this auction. Columns represent (in order) probability of
the outcome occurring, allocations to the three firms, price for the outcome in question, quantity produced
and price in the high product market, total surplus, and finally revenue. Outcomes with probability of less
than 1e×−3 are not displayed in the table.

Probability Ba1 Ba2 Ba3 Pa Qh1 Qh2 Qh3 Ph TS Rev

1 0.5 1 1 7 0 0.33333 1 3.3333 4.3333 32.3889 0
2 0.25 1 1 6 0 0.33333 1 3.3333 4.3333 32.3889 0
3 0.125 1 1 4 0 0.33333 1 3.3333 4.3333 32.3889 0
4 0.125 1 1 5 0 0.33333 1 3.3333 4.3333 32.3889 0
5 1 1 1 6.125 1.4685e-14 0.33333 1 3.3333 4.3333 32.3889 7.3425e-14

Table 10: Scenario 7: Firms 1 and 2 are entrants and Firm 3 is an incumbent bo1 = bo2 =
0 < bo3 = 2. Firm 1 is inefficient ch1 = 3 > ch2 = ch3 = 1.

Note: All three firms are as given in the base case (Table 1), but Firms 1 and 2 are entrants and Firm 1
is inefficient in this case. Each row represents a possible outcome for this auction. Columns represent (in
order) probability of the outcome occurring, allocations to the three firms, price for the outcome in question,
quantity produced and price in the high product market, total surplus, and finally revenue. Outcomes with
probability of less than 1e×−3 are not displayed in the table.

Probability Ba1 Ba2 Ba3 Pa Qh1 Qh2 Qh3 Ph TS Rev

1 1 2 2 2 0.3 1.2 1.2 2 4.6 28 1.8
2 1 2 2 2 0.3 1.2 1.2 2 4.6 28 1.8

Table 11: Scenario 8: Firms 1 and 2 are entrants and Firm 3 is an incumbent bo1 = bo2 =
0 < bo3 = 2. Firms 1 and 2 are both inefficient ch1 = ch2 = 3 > ch3 = 1.

Note: All three firms are as given in the base case (Table 1), but Firms 1 and 2 are inefficient entrants in
this case. Each row represents a possible outcome for this auction. Columns represent (in order) probability
of the outcome occurring, allocations to the three firms, price for the outcome in question, quantity produced
and price in the high product market, total surplus, and finally revenue. Outcomes with probability of less
than 1e×−3 are not displayed in the table.
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(0.5,0.5,0.5) (0.1,0.5,0.5) (0.9,0.5,0.5) (0.5,0.1,0.1) (0.5,0.1,0.1) (0.5,0.9,0.9)

B̄1 3 6 3 2 2 3
B̄2 3 2 3 6 2 3
B̄3 3 2 3 2 6 3

MeanBa1 3 3.0612 3 1.6866 1.6866 3
MeanBa2 3 1.6271 3 3.3932 1.6549 3
MeanBa3 3 1.6271 3 1.6549 3.3932 3

StdBa1 0 2.6615 -5.3291e-15 0.21519 0.21519 1.7764e-15
StdBa2 0 0.23384 -5.3291e-15 2.1599 0.22602 1.7764e-15
StdBa3 0 0.23384 -5.3291e-15 0.22602 2.1599 1.7764e-15

MeanTS 32.625 27.6068 34.375 27.0806 27.0806 35.765
StdTS 15.3047 7.9097 8.3047 8.8411 8.8411 4.1001

MeanRev 0 1.5896 0 0.90573 0.90573 0
StdRev 0 5.2876 0 2.3252 2.3252 0

CovTSRev 0 -2.5749 0 -2.2592 -2.2592 0

Table 12: Regulation of spectrum auction in the presence of uncertainty regarding firm
marginal costs. Column headings display probabilities of each firm having low marginal cost
(chi = 1) versus high (chi = 3) marginal cost. B1, B2, and B3 are the caps that maximise
regulator utility. Note: Where multiple columns appear, each column represents a set of caps that yields

equivalent utility to the regulator. In each case we report the mean and standard deviation for each firm’s

allocation, the market’s total surplus, and the revenue generated by the auction. Lastly, we report the

covariance of revenue and total surplus.
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(0.1,1,1) (0.5,1,1) (0.9,1,1) (0.9,1,1) (0.9,1,1) (0.9,1,1)

B̄1 2 2 4 5 4 5
B̄2 6 6 4 4 3 3
B̄3 6 6 3 3 4 4

MeanBa1 0.15462 0.085898 2.3375 2.3438 2.3375 2.3438
MeanBa2 2.9358 3.0436 2.1125 2.1063 2.1 2.1
MeanBa3 2.9358 3.0436 2.1 2.1 2.1125 2.1063

StdBa1 0.13071 0.07852 0.22359 0.22559 0.22359 0.22559
StdBa2 0.13814 0.34482 0.12484 0.10746 0.09 0.09
StdBa3 0.13814 0.34482 0.09 0.09 0.12484 0.10746

MeanTS 35.154 35.154 36.6275 36.6275 36.6275 36.6275
StdTS 1.6378 1.6316 0.41631 0.41631 0.41631 0.41631

MeanRev 1.3528 1.2424 0.93 0.93 0.93 0.93
StdRev 1.2521 1.4233 0.1461 0.1461 0.1461 0.1461

CovTSRev -1.2381 -1.2776 0.019425 0.019425 0.019425 0.019425

Table 13: Regulation of spectrum auction, where an entrant (firm 1) into a duopolistic
market has uncertain marginal cost while the two incumbents (firms 2 and 3) have known
low marginal costs. Column headings display probabilities of each firm having low marginal
cost (chi = 1) versus high (chi = 3) marginal cost. B1, B2, and B3 are the caps that maximise
regulator utility. Note: Where multiple columns appear, each column represents a set of caps that yields

equivalent utility to the regulator. In each case we report the mean and standard deviation for each firm’s

allocation, the market’s total surplus, and the revenue generated by the auction. Lastly, we report the

covariance of revenue and total surplus.

(0.5,0.5,1) (0.1,0.5,1) (0.9,0.5,1) (0.1,0.1,1) (0.9,0.9,1) (0.9,0.9,1)

B̄1 2 2 4 2 4 3
B̄2 2 2 3 2 3 4
B̄3 6 6 4 6 3 3

MeanBa1 1.3443 1.198 3.104 1.3522 2.9896 2.1081
MeanBa2 1.3443 1.598 1.3262 1.3522 2.1081 2.9896
MeanBa3 3.9779 4.257 2.6234 3.8019 2.19 2.19

StdBa1 0.22575 0.15882 0.21893 0.22814 0.087647 0.10163
StdBa2 0.22575 0.24039 0.35053 0.22814 0.10163 0.087647
StdBa3 2.3434 1.7135 0.38152 1.1561 0.1539 0.1539

MeanTS 32.0747 31.9957 34.7251 30.7645 35.9934 35.9934
StdTS 3.8859 3.9098 0.82608 2.6423 0.49614 0.49614

MeanRev 1.8912 1.4683 1.6405 2.2558 1.1674 1.1674
StdRev 5.151 3.86 1.1193 3.8013 0.27424 0.27424

CovTSRev -3.2421 -3.0581 0.1362 -2.2256 0.28906 0.28906

Table 14: Regulation of spectrum auction, where two entrants (firms 1 and 2) into a mo-
nopolistic market have uncertain marginal cost while the incumbent (firm 3) has known low
marginal costs. Column headings display probabilities of each firm having low marginal cost
(chi = 1) versus high (chi = 3) marginal cost. B1, B2, and B3 are the caps that maximise
regulator utility. Note: Where multiple columns appear, each column represents a set of caps that yields

equivalent utility to the regulator. In each case we report the mean and standard deviation for each firm’s

allocation, the market’s total surplus, and the revenue generated by the auction. Lastly, we report the

covariance of revenue and total surplus.
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Figure 1: Duopoly Case: Profits vs. Auction Winnings

Note: These results assume market parameters as given in Table 1, with the exception of M (the number

of firms) which is assumed to be two. The horizontal axis displays number of units firm 1 wins. Firm 2 is

assumed to win the remaining units. Vertical axis displays firm 1’s profit.
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Eső, P., V. Nocke, and L. White (2010). Competition for Scarce Resources. RAND Journal

of Economics 41 (3), 524–548.

Grimm, V., F. Riedel, and E. Wolfstetter (2003). Low Price Equilibrium in Multi-Unit

Auctions: The GSM Spectrum Auction in Germany. International Journal of Industrial

Organization 21 (10), 1557–1569.

Hoppe, H. C., P. Jehiel, and B. Moldovanu (2006). License Auctions and Market Structure.

Journal of Economics and Management Strategy 15 (2), 371–396.

38



Auctioning the Digital Dividend Daglish, Ho and Sağlam (2012)
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